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Abstract
A review of recent progress in string theory concerning the Bekenstein formula for black
hole entropy is given. Topics discussed include p-branes, D-branes and supersymmetry; the
correspondence principle; the D- and M-brane approach to black hole entropy; the D-brane
analogue of Hawking radiation, and information loss; D-branes as probes of black holes; and
the Matrix theory approach to charged and neutral black holes. Some introductory material
is included.
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1 Introduction
Studies of black hole physics during the late 1960’s and early 1970’s yielded laws of black
hole mechanics [1] that bear a striking resemblance to the laws of thermodynamics.
Law Thermodynamics Black Holes
Zeroth Temperature T constant Surface gravity κ constant
over body in thermal equilibrium over horizon of stationary black hole
First dE = TdS+ work terms dM = κdA/8π+ rotation, charge terms
Second δS ≥ 0 in any process δA ≥ 0 in any process
Third Impossible to achieve T = 0 Impossible to achieve κ = 0
via physical processes via physical processes
Motivated by these parallels, and the fact that the irreducible mass [2] of a black hole is
related to the area of the horizon, Bekenstein [3] argued that the entropy of the black hole
should be directly proportional to the area of the event horizon measured in Planck units. A
starting point was the no-hair theorem for gravity coupled to a Maxwell field, which states
that the only information available to observers outside a black hole is a set of conserved
quantities: the ADM mass M , the charge Q, and the angular momentum J . The presence of
the black hole event horizon thus motivated Bekenstein’s definition of the black hole entropy
as a measure of information about the black hole interior that is inaccessible to outside
observers. Bekenstein then argued, on the basis of gedankenexperiments involving infalling
particles and then merging black holes, that the entropy-area relation should be linear.
Bekenstein also proposed a generalized second law in which the total entropy, given
by the sum of the entropy of the black hole and the common entropy of outside stuff, is
nondecreasing. This generalized second law can be used to argue that the entropy of a
self-gravitating system of a given spatial extent and given (M,Q, J) can never exceed that
of a black hole. Alternatively phrased in terms of information theory, this says that the
maximum amount of information in a self-gravitating system is, up to a constant of order
unity, a single bit per unit Planck area. Although Bekenstein’s arguments were made in four
dimensions, they carry over to other dimensions as well.
Hawking [4] discovered that black holes emit radiation, due to quantum pair production
in their gravitational potential gradient and the presence of the event horizon. The emitted
radiation has a thermal spectrum, with deviations from a perfect blackbody spectrum, the
greybody factors, determined by the frequency dependence of the gravitational potential
barriers outside the event horizon. The thermodynamic temperature is given in terms of the
geometrical surface gravity at the event horizon,
TH =
h¯κ
2π
. (1)
An immediate consequence of this identification of the temperature is that the proportion-
ality constant between the entropy and the area is fixed1
SBH =
A
4h¯Gd
, (2)
1We have used units in which kB=c=1. We now set h¯=1 also.
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where Gd is the d-dimensional Newton constant. Notice that this entropy relation is quite
different from the relation for a non-gravitating system, where the entropy scales as the
volume.
Hawking’s subsequent conjecture that the thermal spectrum of black hole radiation im-
plies information loss in quantum theory created a puzzle which is unsolved even today. The
approximations used in finding the entropy and temperature of black holes were semiclas-
sical. Physicists who found the idea of loss of unitarity unacceptable thus looked toward
better approximation schemes for a way out. Over the years, various attempts were made to
improve the approximations, such as including some backreaction of the black hole geometry
[5] when stuff is thrown into a black hole.
The other puzzle remaining was the unknown statistical origin of the thermodynamic
black hole entropy. A semiclassical calculation of the partition function of Euclidean quantum
gravity was performed in [6], and yielded the Bekenstein-Hawking entropy. However, it
was difficult to justify ignoring quantum corrections. In addition, the continuation from
Lorentzian to Euclidean signature in quantum gravity is not well understood. The nature of
the microscopic degrees of freedom giving rise to the black hole entropy was therefore still
obscured from view.
The entropy and information puzzles are connected [7, 8, 9, 10]. From study of both of
them, it gradually became clear that their resolutions may be found only in a fully unified
quantum theory of gravitation and matter. The leading candidate for a consistent, dynamical
theory of quantum gravity is string theory.
String theory has a massless spectrum including the graviton, and at low energy it gives
supergravities as effective theories. Black holes therefore appear as classical solutions of low
energy string theory. These classical spacetimes receive corrections where curvatures are
large, e.g. at the classical singularity, from essentially stringy degrees of freedom.
The perturbative massive spectrum of string theory is an infinite tower of states, with
the energy gap between adjacent states set by the tension of the string. The degeneracy at
a given mass level increases rapidly with mass, and depends on other quantized conserved
quantities such as charge and angular momentum. Black hole entropy, which in a true
quantum theory of gravity should arise from the logarithm of a degeneracy of states, also
increases with mass. It was therefore proposed that black holes might be identified with
string states [11, 7] and thus the entropy could be calculated [7, 12, 13]. This proposal
turned out to be incomplete because the logarithm of the string degeneracy did not agree
with the entropy of the black hole over the whole parameter space unless some unknown
strong-coupling physics was invoked.
The first attempt to precisely match the black hole and string state entropies was made
for extremal electric black holes in heterotic string theory in [14]. An obstruction which
arose was that black holes with only electric charges have zero classical horizon area and
thus zero entropy. This problem was sidestepped via the assumption that stringy corrections
smear out the horizon area of these black holes to order unity in string units. The entropy
calculated at this “stretched horizon” [15] then scales correctly to agree with the logarithm
of the degeneracy of fundamental string states [14].
Nonperturbative aspects of string theory have received much attention during approxi-
mately the last three years. Among new discoveries were dualities relating different string
theories to one another and to an eleven dimensional theory known as M theory (see e.g.
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[16, 17, 18]), D-branes (see e.g. [19, 20]), and more recently a proposal for the nonpertur-
bative definition of M theory via a Matrix model now known as Matrix theory (see e.g.
[21, 22]).
These discoveries have led to a great deal of activity in the direction of black holes. Many
new classical black hole spacetimes have been constructed and classified. Most spectacularly,
for the first time there has been progress in identifying the microscopic degrees of freedom
responsible for the Bekenstein-Hawking entropy [23]. Recent developments in understanding
the nature of the microscopic degrees of freedom behind the Bekenstein-Hawking entropy of
black holes will be the subject of this review.
We begin in Section 2 with a discussion of the supergravity actions in ten dimensions
and the kinds of p-brane classical solutions arising from them. We mention how black holes
arise upon dimensional reduction of branes. We then discuss the supersymmetry bound, the
different types of supersymmetric (BPS) p-branes, their connection to eleven dimensional
BPS M-branes, and how their gravitational fields behave when the gravitational coupling
becomes weak. We then briefly introduce D-branes and the supersymmetric gauge theory
actions describing their dynamics, and mention T- and S-duality.
Section 3 is concerned with the correspondence principle. We first discuss black holes
with two electric NS-NS charges, and their correspondence to excited closed strings. We then
move on to black holes with one R-R charge, and their correspondence to open or closed
strings. We also comment on how the NS-NS and R-R correspondences are related to one
another, on the transition between arrays and products, and on the endpoint of Hawking
evaporation of a neutral black hole.
In section 4 we discuss the very successful D-brane computation of the microscopic en-
tropy corresponding to BPS and near-BPS black holes. We concentrate mainly on d=5 black
holes in maximal supergravity, and discuss fractionation. We next remark on N =2, d= 4
black holes and the microscopic entropy computation from the point of view of M-branes.
We then turn to D-brane analogues of near-BPS black holes in d=5.
Section 5 is a discussion of the D-brane analogue of Hawking radiation. We discuss
successes and some difficulties of the effective string model for emission and absorption, and
how in one system a discrepancy is fixed via the correspondence principle. We then discuss
nonrenormalisation arguments for near-BPS systems, and the information puzzle.
In section 6, we discuss D-branes as probes, and Matrix theory. We discuss D-probes
from both the supergravity and supersymmetric gauge theory viewpoints. We then give a
short introduction to Matrix theory, and move to the computation of the Matrix theory
microscopic entropy for d=5 BPS black holes. Finally, we discuss recent studies of neutral
black holes in Matrix theory.
We end with a brief outlook for the future and acknowledgements in section 6.4. A Note
Added at the very end contains a few remarks on the AdS/CFT Correspondence.
2 Branes
There are five different superstring theories in d = 10. We will concentrate on Type II
theories, which possess d=10,N =2 supersymmetry, because the associated supergravities
have the largest variety of extended objects relevant to black hole applications.
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2.1 Supergravity Actions and p-branes
The massless modes of Type-II strings separate into two sectors: NS-NS and R-R. The
two Type-II theories are distinguished by the relative chiralities of the two supersymmetry
generators; the IIB theory is chiral while IIA is not. The NS-NS sector is common to both
and contains the metric Gµν , antisymmetric tensor potential B(2), and the dilaton φ. The
R-R sector for each theory contains antisymmetric tensor potentials C(n) which are of even
degree for IIB and odd for IIA.
We give here the ten dimensional low-energy effective actions for the bosonic fields only,
in the conventions2 of [24]. For IIA the independent R-R potentials are C(1), C(3) and the
action is
SA =
1
2κ210
∫
d10x
√−g
{
e−2φ
[
R + 4 (∂φ)2 − 3
4
(
∂B(2)
)2]
+
1
4
(
2∂C(1)
)2
+
3
4
(
∂C(3) − 2∂B(2)C(1)
)2}
+
1
64
ǫ∂C(3)∂C(3)B(2) . (3)
For IIB the R-R potentials are C(0), C(2), C
(+)
(4) and the action is
3
SB =
1
2κ210
∫
d10x
√−g
{
e−2φ
[
R + 4 (∂φ)2 − 3
4
(
∂B(2)
)2]
− 1
2
(
∂C(0)
)2 − 3
4
(
∂C(2) − C(0)∂B(2)
)2
+ (self-dual five-form)
}
. (4)
In these actions, we have set
α′ ≡ ℓ2s = 1 , (5)
where τF1 = 1/(2πα
′) is the tension of the fundamental string. The gravitational coupling
κ10 is given in terms of the closed string coupling g by
2κ210 = 16πG10 = (2π)
7g2ℓ8s . (6)
By analogy with point-particle couplings in electromagnetism, extended objects can cou-
ple to R-R and NS-NS antisymmetric tensor fields. Extended objects of spatial dimension
p are known as p-branes, and they thus have a (p+1) dimensional worldvolume. Electric
p-branes couple to (p+1)-form potentials, while magnetic p-branes couple to (7−p)-form
potentials. Their classical spacetimes, the black p-branes, have horizons and are asymptot-
ically flat [25]. Thus in ten dimensions, we may have NS-NS strings (NS1) and fivebranes
(NS5) which couple to B(2), and R-R p-branes (Rp) for p=0, 2, 4, 6 for IIA and p = 1, 3, 5
for IIB which couple to C(n). There is also a gravitational wave W, and the Kaluza-Klein
monopole KK6 with NUT charge. Rp-branes for p = 7, 8, 9 are not asymptotically flat; in
these cases there are too few dimensions transverse to the p-brane for a Coulomb field to fall
off as a power law. For an early review of extended objects in string theory, see [26].
2Antisymmetrization is done with weight one, and indices are suppressed. The signature of spacetime is
mostly minus.
3For the sake of brevity, we have suppressed subtleties concerning the self-dual five-form field strength;
for details in resolving these, see [27, 28, 29].
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String theories in dimensions below ten are obtained by compactifying unwanted direc-
tions on small manifolds. Compactification of Type-II theories on tori produces maximally
supersymmetric theories, such as N = 8 supergravity in four dimensions, while compact-
ification on less supersymmetric manifolds produces lower dimensional theories with fewer
supersymmetries. For compactifications on tori, the actions in lower dimensions may be de-
rived by applying the Kaluza-Klein procedure to the ten dimensional action, and symmetries
of these theories may be seen [30, 31]. For bosonic Lagrangians for all lower dimensional max-
imal supergravities via dimensional reduction from d = 11, see [32]. A complete classification
of supergravities in diverse dimensions may be found in [33].
The Newton constant in dimensions lower than ten is obtained from the ten dimensional
quantity by dimensional reduction. It is
Gd =
G10
(2π)10−dV10−d
, (7)
where (2π)10−dV10−d is the volume of the compactification manifold. In d dimensions, the
Newton constant has units of (length)d−2. We define the Planck length in d dimensions, ℓd,
via
16πGd ≡ 2κ2d ≡ (2π)d−3ℓd−2d . (8)
Note that the relation (7) implies a neat consistency of the Bekenstein-Hawking formula
(2) in various dimensions. For example, we may consider a d-dimensional black hole also as a
(d+p) dimensional p-brane, by uncompactifying p dimensions. Then the relation (7) ensures
that the entropy is the same whether it is calculated in the higher or lower dimension:
SBH =
Ad
4Gd
=
Ad+p
4Gd+p
. (9)
Upon dimensional reduction, tensors in both the NS-NS and R-R sectors give rise to
lower dimensional gauge fields, whose charges may be carried by black holes.
Methods are available in string theory for generating new black hole and p-brane solu-
tions algebraically from known ones [34]. Solutions so constructed may be straightforwardly
checked against the differential equations of motion. For black holes in Type-II string theory,
these methods may be applied directly by starting from the higher dimensional generaliza-
tions of Kerr black holes [35]. For a recent comprehensive review of new solutions in various
dimensions, methods for constructing them, p- and M-brane origin of black hole geometries,
classifications, intersection rules, branes at angles, and references, see [36].
2.2 Supersymmetry and the String Coupling
Of central importance in a supergravity theory is the supersymmetry algebra, which de-
scribes how supersymmetry generators intertwine with one another and with generators of
the Poincare´ group. In fact, anticommutators of the supergenerators Qα give back not only
the momentum but can also produce central terms. Schematically,
{Qα, Qβ} ∼ (CΓµ)αβ Pµ + (CΓµ1...µp)αβ Z[µ1...µp] , (10)
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where C is the charge conjugation matrix and Γ’s are antisymmetric combinations of gamma
matrices. From this we see that objects carrying Z-charge are p-dimensional extended ob-
jects, i.e. p-branes. A recent survey of supergravities in various dimensions and the kinds of
black objects that can carry various central charges, relevant to D-brane comparisons, may
be found in [37]. For a discussion of the importance of the superalgebra in the M theory
context see [38].
If we choose the rest frame, sandwiching physical states around the above relation gives
rise to a positivity bound on the mass per unit p-volume of a Z-carrying state in that theory.
This bound may be represented schematically by
M ≥ c|Z| , (11)
where the constant c depends on the theory and its couplings. By inspecting the positivity
bound, we see that there are special states in this theory, as in any supersymmetric theory,
which saturate the bound. They are known as BPS states and preserve some fraction of
the supersymmetry of the theory. A supersymmetric nonrenormalisation theorem protects
the mass-charge equality from quantum corrections. There is also a nonrenormalisation
theorem that protects the degeneracy of BPS states with given Z from quantum corrections
if couplings are varied adiabatically [39].
The Reissner-Nordstrom black hole solution can be embedded into e.g. Type-II super-
gravity. When so embedded, the zero-temperature extremal Reissner-Nordstrom black hole
is also supersymmetric; this can be seen by inspecting the supersymmetry variations of
the supergravity fields. The link between extremality and supersymmetry extends to many
known extremal black p-branes of superstring theory. There are exceptions, however, such
as rotating black holes in d = 4, and extremal but non-BPS black holes.
Superstring theories are all related via dualities to an eleven dimensional theory known
as M theory. The low energy limit of M theory, d = 11 supergravity, is related [40, 16, 41, 17]
to d = 10 IIA string theory via compactification of the eleventh4 coordinate x♮ on a circle of
radius
R♮ = gℓs , (12)
where g is the string coupling. At weak coupling this is a very small radius and the eleventh
dimension is invisible; at strong coupling it opens up and becomes large. The length scale
associated to d=11 supergravity is the eleven dimensional Planck length, which from (6,8,12)
is
ℓ11 = g
1/3ℓs . (13)
BPS p-branes play a special roˆle in duality relations: because their mass-charge relation-
ship is unchanged by quantum corrections, we can follow them into strong coupling. The
BPS p-branes occurring in Type-II superstring theories then have an M theory interpretation
[41]; p-brane solutions of d = 11 supergravity were first found in [42]. There are four ba-
sic BPS M-theory objects: the gravitational wave (MW), the membrane (M2), the fivebrane
(M5) and the KK monopole (MK). Of these, the MW and MK are purely gravitational, while
the M2-(M5-)brane carries electric (magnetic) charge associated to the 3-form antisymmetric
tensor potential of d = 11 supergravity.
4We use Townsend’s convention for labeling the eleventh coordinate x♮.
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Consider the BPS M2. In d = 11 it may extend in the x♮ direction or not; these are
termed longitudinal and transverse M2-branes respectively. If the M2 is longitudinal, then
in weak-coupling IIA string theory we see a one-dimensional object; if it is transverse, we see
a two-dimensional object. In this way, M-theory BPS objects give rise to IIA BPS objects:
the M2 gives rise to the NS1 and R2 of IIA, the MW gives rise to R0 and W, the M5 to R4
and NS5, and the MK to R6 and KK6.
Let us now consider the bound (11) in the context of Type-II supergravities. The constant
c in the bound is different for different BPS charge-carrying objects [17, 16]:
cNS1 ∼ 1 , cRp ∼ 1
g
, cNS5 ∼ 1
g2
. (14)
From this we see that the NS1 is a fundamental object, while there are two qualitatively
different kinds of solitonic objects.
Corrections to the flat metric for a BPS black p-brane are of the form [25] δGµν ∼
GM/r7−p. For the NS1- and Rp-branes, from (6,11,14) we see that at fixed charge |Z|
corrections to the flat metric vanish as we turn off the string coupling g → 0 (ℓs=1):
δG[NS1]µν ∼ g2|Z|
1
r7−p
→ 0 , δG[Rp]µν ∼ g2
|Z|
g
1
r7−p
→ 0 . (15)
For the solitonic NS5-brane, cNS5 ∼ 1/g2 and the metric does not become flat for g → 0;
likewise for the solitonic Kaluza-Klein monopole.
For NS1 and Rp branes, at weak coupling, the deviations from flat spacetime are thus
negligible. We may then ask what describes the dynamics of these branes at weak coupling.
The weak-coupling sister of the BPS NS1-brane is the fundamental string F1 [43, 44]. The
weak-coupling sisters of the BPS Rp-branes are the Dp-branes [45, 46, 47]. We now turn to
the subject of D-brane dynamics.
2.3 D-branes
D-branes are hypersurfaces on which open strings end; for the definitive introduction to
D-branes, see [19, 20]. A single Dp-brane carries unit R-R charge [47]. Since D-branes are
BPS, two static D-branes exert zero force on one other, because gravitational and dilatonic
attraction is cancelled by electrostatic repulsion. So large charges can be built up by stacking
many Dp-branes on top of one another.
The dynamics of D-branes is determined by the perturbative dynamics of the open strings
ending on them. At low energy, only the massless modes of the open strings are relevant;
higher massive modes of the open strings decouple and are absent from the low energy
effective theory. The massless bosonic mode of the open string is a gauge potential. Now,
the endpoints of open strings can carry gauge labels, known as Chan-Paton factors, at no
energy cost. This gives rise to a gauge theory [48] on the D-branes; for Q D-branes the group
is U(Q), and the gauge fields are in the adjoint representation.
At this point we mention dualities, which are important in the study of D-branes and
other objects in string theory. The basic idea of a duality is that theory A, with its fields
and coupling constants, is related to theory B, with its own fields and coupling constants,
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by the duality transformation. Sometimes theory A and theory B are the same, and the
duality transformation is then a symmetry of that theory. We now mention two duality
transformations which will be of interest to us, S-duality and T-duality. S-duality is a
symmetry of type IIB and acts in d = 10 as
S : g˜ = 1/g , g˜1/4ℓ˜s = g
1/4ℓs . (16)
S-duality switches R1 with NS1, R5 with NS5, and leaves W invariant while R3 is self-dual.
T-duality is a symmetry of all closed string theories and acts on a compact direction, say
x9, with radius R9.
T :
R˜9
ℓ˜s
=
ℓs
R9
,
g˜√
R˜9/ℓ˜s
=
g√
R9/ℓs
, ℓ˜s = ℓs . (17)
Acting on fundamental strings, T-duality switches winding and momentum modes. On Dp-
branes, T-duality changes the dimension of the worldvolume by ±1, depending on whether
or not it acts in a direction perpendicular to the worldvolume. This is in fact one way to
see why having an open string sector in a closed string theory requires D-branes [19, 20].
Application of T-duality to systems with nontrivial gravitational fields is more subtle; e.g.
for the NS5 we have to smear out the dependence on a transverse coordinate if we want to
apply T-duality in that direction. If we then T-dualize, we get the KK6. In a similar way,
if we turn on the Rp-brane gravitational fields, we have to smear on a transverse direction
before T-dualizing it.
The low-energy effective action for a test D-brane in a supergravity background is in
string units [49, 50, 51, 52]
I = −τDp
∫
dp+1σ e−φ
√
− det (Gαβ + [2πFαβ − Bαβ])− τDp
∫
e2πF−B ∧⊕
n
C(n) , (18)
where the D-brane tension is [19, 20]
τDp =
√
π
κ10(2πℓs)p−3
=
1
(2π)pgℓp+1s
. (19)
The action is gauge-invariant, and it is supercovariant in spacetime: all fields are super-
space extensions of the ordinary bosonic fields and they are pulled back to the bosonic
worldvolume in a spacetime supersymmetric fashion. Suppressing fermions, an example is
Gαβ = Gµν∂αX
µ∂βX
ν . For the lowest components of the superfields, C(n) are the R-R po-
tentials, B(2) is the NS-NS potential, F(2) is the worldvolume gauge field, and Gµν , φ are the
metric and dilaton. Kappa-symmetry of the above action [49, 50, 51, 52] puts the super-
gravity background on-shell.
At weak coupling, the bulk (supergravity) fields decouple and we are left with a gauge
theory on the brane. At weak fields, the Born-Infeld (first) term in the action is then to
lowest order U(1) supersymmetric gauge theory. For Q D-branes, the weak-field theory is
U(Q) supersymmetric Yang-Mills (SYM). The field content and Lagrangian are determined
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by dimensional reduction from the d = 10 Aµ, and so on the brane we have a gauge potential
Aα and (9−p) scalar fields X i ≡ −Ai. The bosonic Lagrangian is then in string units
Sbos ∼
∫ 1
g
tr
{
−1
4
F αβFαβ +
1
2
DαX iDαX
i +
1
4
[
X i, Xj
]2}
. (20)
When the branes are pulled apart, the gauge group is broken to U(1)Q and the Q diagonal
entries in the Q × Q matrices X i are then the positions of the individual D-branes in the
ith direction. Higher order Born-Infeld corrections in the gauge theory effective action may
in principle be found from string scattering amplitude calculations; see [53] and [54] for the
nonabelian generalisation of the Born-Infeld term.
In addition, the Wess-Zumino (second) term allows smaller branes to live inside larger
ones [55], and branes to end on branes [56, 57]; for a nice review of the latter from the M
theory perspective, see [58]. An example of a configuration which is supersymmetric and
has zero binding energy is [19, 20] a D(p−4)-brane living inside a Dp-brane. In this case
the smaller brane creates worldvolume gauge fields in the SYM theory on the bigger brane
which are analogous to (zero-size) instantons [55].
D-branes are BPS and may be combined by using relatively simple recipes to make
intersecting configurations, which break more supersymmetry than plain branes. The overall
fraction of supersymmetry preserved may be worked out for boundstates with zero binding
energy by imposing each brane’s spinor projection condition in turn, and checking consistency
conditions on spinors in a pairwise fashion. For branes at angles and configurations dual to
them, the supersymmetry analysis is a little less straightforward [59].
Now, since the dynamics of D-brane configurations at low energy and weak coupling is
given in terms of supersymmetric gauge theories, it is possible in some cases to compute
the degeneracy of states for a configuration with given quantum numbers. Since D-branes
are BPS states, supersymmetry also protects their degeneracy for fixed quantum numbers
from quantum corrections as we move adiabatically from weak to strong coupling. This
implies [23] that the entropy of a bunch of D-branes should be the same as the entropy of the
analogous supersymmetric black p-brane configuration. In fact, this idea has a generalisation
to non-BPS systems as well.
3 The Correspondence Principle
Classical supergravity black hole solutions have length scales associated to them, connected
to the parameters of the solution, which determine the length scales over which gravitational
fields vary noticeably. These length scales typically depend on g, due to (14).
As we will see in detail in later sections, R-R p-brane supergravity spacetimes are valid in
the regime where these gravitational radii are large in string units, while the D-brane picture
is valid in the opposite limit. This complementarity of pictures also holds for the NS1-brane,
whose weak-coupling sister is the F1, and thus for many black objects in string theory.
We may ask, therefore, if there is some regime where the D-brane/string and supergravity
descriptions turn into one another.
An early idea related to the correspondence principle was discussed for four dimensional
Schwarzschild black holes in [7]. The Black Hole Correspondence Principle of [60] states
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that, upon turning up the string coupling g, a D-brane/string state will turn into a black
hole when the curvature at the horizon of the corresponding black hole is of order the string
scale. This is called the correspondence point. The striking observation of [60] was that
if we demand that the masses and other conserved quantum numbers of the two different
configurations match at the correspondence point, then the entropies also match. Note that
this correspondence generically occurs only at a point in parameter space, and so it resolves
the difficulty previously found in early attempts to match string state and black hole entropy.
In this section we review the correspondence principle of [60]; see also the review [61].
3.1 Two Electric NS-NS Charges
Generic charged black holes in string theory have a position-dependent dilaton field. The
string feels a different metric gµν to the Einstein metric g
E
µν ; they are related by
gEµν = e
−4φ/(d−2)gµν . (21)
In applying the correspondence principle, we must specify which frame we use in calculating
the curvature. The correct frame to use is the natural one, the string frame.
The metric for a d-dimensional electrically charged NS-NS black hole is [62] in string
frame5
ds2d =
[1− k(r)]
fp(r)fw(r)
dt2 − dr
2
[1− k(r)] − r
2dΩ2d−2 , (22)
where
k(r) =
(
rH
r
)d−3
, (23)
fp(r) = 1 + k(r) sinh
2αp , (24)
fw(r) = 1 + k(r) sinh
2αw . (25)
In these equations, rH is the horizon radius. The α are rapidities corresponding to the
algebraic boost transformations used to generate the solutions; without loss of generality
we can take them to be positive. The dilaton, and internal modulus field along the string
direction, are given by [62]
e−4φ = fp(r)fw(r) , (26)
G99 = fp(r)/fw(r) . (27)
The ADM mass and gauge charges are [62]
M =
(d− 3)ωd−2rd−3H
16πGd
[
1
(d− 3) +
1
2
(cosh2αp + cosh2αw)
]
, (28)
qp,w =
(d− 3)ωd−2rd−3H
16πGd
[
1
2
sinh2αp,w
]
, (29)
5We have changed notation slightly from that work: α, β = αp ± αw. We have also picked the charge
vector to lie along the 9 direction.
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where ωn = Vol(S
n) = 2
√
π
n+1
/Γ(n+1
2
). Classically the rapidities α are continuous parame-
ters, but in the quantum theory the following quantities are integer normalised:
Qp = qpR9 , Qw =
qw
R9
. (30)
For neutral black holes αp,w = 0. The entropy and Hawking temperature are [62]
SBH =
ωd−2r
d−2
H
4Gd
coshαp coshαw , (31)
TH =
(d− 3)
4πrH coshαp coshαw
. (32)
At correspondence, the black hole becomes very small and the curvature at the horizon
is large. Then stringy corrections will kick in and modify the metric (22); for example,
the function [1− k(r)] will get smeared out to order unity. This is the stretched horizon
phenomenon [14]. We can also see from the metric that the charges, via the α’s, give rise
to a redshift of the energy, of order (coshαp coshαw). Then from (27) the x
9 direction gets
contracted at the horizon by a factor (coshαw/coshαp) from its value at infinity. If the
charges are zero, these redshift effects go away.
Let us now determine the correspondence point. From (22) the curvature at the horizon
in ten dimensional string frame is O(r−2H ), and so the correspondence point occurs at [60]
rH ∼ ℓs . (33)
The black hole’s weak-coupling sister is an excited state of a fundamental string wrapped
around x9. The string has the same conserved quantum numbers as the black hole, at
correspondence. For the left- and right-moving momenta of the string excitations, [63]
pL,R =
Qp
R9
∓ QwR9
ℓ2s
, (34)
while for weak coupling the entropy scales as
SSS ∼
√
NR +
√
NL , (35)
where
NR,L ∼ ℓ2s
(
M2 − p2R,L
)
. (36)
In determining NL,R we need to be careful to take account of any redshift effects. Redshifts
will be pronounced, i.e. not numbers of order unity, when the rapidities α are large. As
we can see from (28,29), large-α corresponds to a near-BPS configuration. To see how this
affects determination of NL,R it is simplest [60] to turn off αp; then the energy is redshifted by
the same factor as R9 is Lorentz contracted and NL=NR≡N . The energy above extremality
is small, and is of order
∆E ∼M − QwR9
ℓ2s
∼ N
QwR9
. (37)
From this we see that the effect of the redshift/contraction cancels in determination of N .
Turning αp back on does not affect the determination of NL,R either [60].
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Now we are ready to find the entropy of the string state. We use rH ∼ ℓs, together with
the charge and mass matching relations and (35,36), to find the entropy at correspondence
[60]:
SSS ∼ ℓ
d−2
s
Gd
coshαp coshαw , (38)
up to numbers of order unity, i.e. to the accuracy of the correspondence principle. This
agrees with SBH , as advertised. Note that since the asymptotic string coupling g is taken to
be weak, this entropy is large.
Let us figure out the value of the string coupling at correspondence. We have that
the internal compactification volume is small; to the accuracy of matching scalings we can
ignore its precise numerical value. Then, using Gd ∼ g2ℓd−2s , and the fact that the local
string coupling on the horizon is geφ(rH), we find
(eφcgc)
∣∣∣
rH
∼ 1
N1/4
, (39)
which is a weak coupling. This justifies our assumption that the entropies of left- and right-
movers is additive, as in (35). We can calculate the local temperature at the correspondence
point; taking account of the redshift it is ∼1/ℓs.
3.2 One R-R Charge
Application of the correspondence principle to systems with one R-R charge shows new
features so we now discuss this case. Earlier attempts to understand the entropy of near-
extremal R-R p-branes may be found in [64, 65]; see also [66].
The metric for a black Rp-brane with worldvolume spatial coordinates ~y is [25] in string
frame
ds210 = fp(r)
−1/2
[
(1− k(r)) dt2 − d~y2
]
− fp(r)1/2
[
(1− k(r))−1 dr2 + r2dΩ28−p
]
, (40)
where
k(r) =
(
rH
r
)7−p
, fp(r) = 1 + k(r) sinh
2β . (41)
To obtain a black hole in (10−p) dimensions we roll up the p-brane on a manifold of volume
(2π)pVp. The resulting black hole is known as a parallel p-brane black hole; there is a R-R
gauge field and the dilaton is
eφ = f (3−p)/4p . (42)
The mass, R-R charge, entropy and Hawking temperature are given by6
M =
(7− p)ω8−pr7−pH
16πG10−p
[
1
2
+
1
7− p +
1
2
cosh2β
]
, (43)
Q =
(7− p)ω8−pr7−pH
(2π)7−pg
[
1
2
sinh2β
]
, (44)
6In comparing to other references, such as [67], the reader may wish to note the following conversions:
d = (7 − p); α = (3 − p)/2; r7−p
−
= r7−pH sinh
2β; r7−p+ = r
7−p
H cosh
2β; we have also performed the coordinate
transformation r7−p := r7−p − r7−p
−
.
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SBH =
ω8−p
4G10−p
r8−pH coshβ , (45)
TH =
(7− p)
4πrH coshβ
. (46)
Note that with these conventions the BPS limit satisfies the relation M/Vp = Q/g, with Q
integer.
We now determine the correspondence point. The maximum curvature at the horizon
comes from the angular part of the metric transverse to the p-brane worldvolume [60]; setting
it to be of order unity gives
rH ∼ ℓs√
coshβ
. (47)
Here we see a new wrinkle: the correspondence size of the horizon depends on the boost β,
not just the string length ℓs. We will come back to this point later.
As for the NS-NS situation we can find the local coupling on the horizon at correspon-
dence; from (42,6,44) it is [60]
(eφcgc)
∣∣∣
rH
∼ 1
Q
, (48)
which is small for macroscopic charge. For p < 3, there is a subtlety, that the curvature
increases away from the horizon to a maximum before it then decreases to zero at infinity [60].
Now, super-stringy curvatures lead to corrections to the classical geometry. It is therefore
interesting that taking the horizon curvature to be the relevant one for correspondence is the
right prescription. For p≥3, there is no such subtlety; we could imagine resolving the p<3
difficulty by T-duality from this case. We have also been informed that the correspondence
principle works for rotating black holes [68]; there is a similar kind of subtlety encountered
there.
For the sister state, the first thing we need is to determine the nature of the degrees of
freedom carrying the energy. We know that the BPS Rp-brane’s sister is the Dp-brane, but
this only carries the BPS energy. We need other degrees of freedom to carry the energy
above the BPS energy,
∆E ≡ E − QV
gℓp+1s
. (49)
The BPS Rp-brane has zero classical entropy, so the other degrees of freedom carrying ∆E
must also carry the entropy for a nonextremal p-brane. There are two options [60]: long
(closed) strings in the plane of and near the Dp-brane, and massless open strings running
along the Dp-brane.
For the former, the energy ∆E is proportional to the length, and so is the entropy, and
dimensional analysis gives
Sclosed ∼ ℓs∆E . (50)
For the latter, the massless open string degrees of freedom are those of a U(Q) gauge theory
on the brane. There are worldvolume gauge fields and transverse scalars, all in the adjoint
representation, and so there are ∼ Q2 degrees of freedom. A first approximation to this
system is a free gas, and if we assign the gas a temperature T we can write the excess energy
and entropy as
∆Eopen ∼ Q2VpT p+1 , Sopen ∼ Q2VpT p . (51)
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There are a couple of subtleties to attend to [60]. The first is that there is a redshift. Since
all worldvolume metric components involve f−1/2p , the redshift factor is
√
coshβ, but all
worldvolume lengths scale inversely to the excess energy and temperature, so the entropy in
(51) is unaffected. The closed string is in the plane of the p-brane, and so its entropy (50)
is also unaffected by the redshift. This redshift also implies via (46) that the local horizon
temperature at correspondence is of order unity in string units.
The second subtlety is that we have ignored interactions, given by (20). In perturbation
theory, interaction vertices on the brane pick up a factor of Q due to Chan-Paton factors,
and a factor of the local string coupling. Dimensional analysis then gives the perturbation
expansion parameter [60]: (geφ)QT p−3. From (48), and the local temperature, this is of
order unity. Thus to the accuracy of the correspondence principle we can neglect interac-
tions. However, if we wanted a more precise calculation we would need to understand these
interactions properly. This estimation of the importance of interactions illuminates a puzzle
for the threebrane found in [64]; there, interactions were neglected, and thus the energy was
underestimated and the entropy overestimated.
These two different kinds of degrees of freedom, the closed versus open strings, dominate
in different regimes; for large β the open string gas dominates and vice versa. Matching
the black hole charge and mass to those of the closed or open string configurations, at the
correspondence point, yields via (50,51)
Sopen ∼ V
g2ℓps
(tanhβ)2/(p+1)(coshβ)(p−6)/2 , (52)
Sclosed ∼ V
g2ℓps
(coshβ)(p−7)/2 . (53)
On the other hand, the black hole entropy (45) scales at correspondence as
SBH ∼ V
g2ℓps
(coshβ)(p−6)/2 , (54)
which agrees qualitatively with whichever of Sclosed,open is larger [60], depending on β.
3.3 Connections, and the Endpoint
The correspondence between a near-BPS Rp-brane black hole and the open-string gas can
be seen to be just the correspondence between a neutral black hole and an excited closed
string, viewed in a highly boosted frame [69]. In showing this, use is made of the d = 10
IIA relation with d= 11 M theory. R-R black holes in d= (10−p) dimensions come from
Rp-branes wrapped around a p-torus. They are therefore related by T-duality to a (smeared)
R0-brane in d=10. However, a R0-brane is obtained from a d=10 Schwarzschild black hole
by uncompactifying the latter to a d= 11 black string stretched along x♮, boosting in x0,♮
by rapidity parameter β, and compactifying down to d=10 again. Then we convert back to
the Rp-brane black hole by T-duality.
During the boost process, R♮ gets Lorentz contracted by the factor coshβ, while the d=11
Planck scale ℓ11 and the horizon parameter rH are unchanged [69]. Then from (12,13) we
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find that the new string length is
ℓs =
(
ℓ311
R♮
)1/2
= ℓs
√
coshβ . (55)
Using this new string length in the R-R correspondence point (47), we find that it is precisely
the NS-NS correspondence point (33) expressed in terms of the old string length:
r
(R-R)
H ∼
ℓs√
coshβ
↔ r(NS-NS)H ∼ ℓs . (56)
Other aspects of this mapping are discussed in [69].
Black holes in d dimensions (BHd) can in fact arise in two different ways from d+1
dimensions. The first is via a d+1 dimensional black string, which is the direct product
of the black hole and the extra dimension z of radius Rz. The second is to take an array
of d+1 dimensional black holes spaced along z by 2πRz; for a static spacetime the array
must be an infinite one [71]. Dimensionally reducing gives approximately BHd. If the radius
of the BHd+1 horizon satisfies rH/Rz ≪ 1 then the array is the correct solution; otherwise
the array becomes unstable [72] and turns into the product solution. The reason for this is
that, if BHd × S1z and BHd+1 have the same mass, the array has greater entropy than the
product if rH/Rz ≪ 1 and vice versa. It was shown in [60] that the properties of D-branes
and strings mesh nicely with the correspondence principle in describing this array-product
transition.
The conservative way to view the correspondence principle is to apply it in the direction
of increasing coupling g: a boundstate at weak coupling of strings and D-branes turns into
a black hole as we turn up the string coupling. For neutral black holes, the nature of the
approach in the conservative direction has been studied in [73]; the physics depends on d.
See also [74].
Viewed in the other direction, however, the correspondence principle is in a sense a
radical proposal. It says that when black holes become very small, of order the string
scale, they turn into string states. In this way, the correspondence principle provides an
answer to the old question regarding the nature of the endpoint of Hawking radiation of a
macroscopic Schwarzschild black hole. Namely, that the endpoint is a highly excited string.
An interesting fact is that this correspondence point does not occur when the black hole is of
order the Planck mass. Taking the compactification volume to be of order the string scale,
we find the correspondence mass to be
mc ∼ ℓ
d−3
s
Gd
∼ 1
ℓsg2
∼ 1
ℓd
1
g2(d−3)/(d−2)
. (57)
For weak string coupling, this is larger than the Planck mass 1/ℓd; in four dimensions, the
correspondence mass is larger by a factor of 1/g.
In this section we have not discussed the case where black holes have more than one R-R
charge on them, and possibly NS-NS charges as well. The only really new situations occur
when two or more R-R charges are large. In these cases, it is found that the matching scale
drops out so that exact comparisons can be done for these near-BPS (and BPS) situations.
These precise comparisons will be the subject of the next two sections.
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4 BPS and Near-BPS Entropy
As mentioned in section 1, the earliest attempt [14] to make precise matchings between black
hole entropy and calculable stringy degeneracies faced the obstacle that the area of the rel-
evant classical NS-NS charged black hole vanishes. This problem actually extends further:
stringy BPS black holes with nonzero horizon area are not possible for six and higher space-
time dimensions in toroidal compactification [65] even with R-R charges included. Roughly
speaking, the physical reason for this is that there are not enough independent charges on
higher dimensional black holes for the dilaton and moduli to have finite nonzero values at
the horizon, and this leads via the classical equations of motion to zero horizon area.
Therefore, the most interesting places to look for nonzero classical BPS black hole en-
tropies are in five and four dimensions. Note in this regard that some authors had previously
argued on the basis of semiclassical topological considerations that BPS black holes have zero
entropy. However, a good explanation of why this semiclassical result is unreliable in string
theory may be found in [75]. Some initial attempts to calculate the microscopic entropy of
finite-area extremal black holes from a dual perspective were made in [76].
Agreement of string/D-brane and black hole entropies was first accomplished in a seminal
paper by Strominger and Vafa [23] in January of 1996. There, new D-brane technology was
used to count the degeneracy of states of a D-brane system with the same quantum numbers
as a classical five-dimensional R-R charged BPS black hole. Spectacular, exact agreement was
found with the Bekenstein-Hawking entropy. This work was quickly followed by calculations
addressing near-extremal black holes [77, 78], rotation [79, 80], and four dimensions [81,
82, 83]. Also discovered were multiparameter agreements between semiclassical Hawking
radiation and greybody factors and analogous scattering processes directly calculable in
string theory. Agreements between the entropy and particle emission of various four and
five dimensional black holes and their corresponding D-brane configurations have also been
reviewed in [84, 36], and so we refer the reader there for additional details.
4.1 BPS Black Holes in d = 5
In five dimensional maximal supergravity, there are three independent orthogonal charges Q
that a black hole can carry. A five dimensional black hole carrying this set of charges can
be chosen via a duality transformation to originate from a IIB d = 10 configuration which is
the intersection of three BPS configurations: a R1-brane of charge Q1, a R5-brane of charge
Q5, and a gravitational wave with momentum Qp along the intersection string. We represent
this configuration by the matrix
Q1 R1
Q5 R5
Qp W


0 · · · · 5 · · · ·
0 · · · · 5 6 7 8 9
0 · · · · 5 · · · ·

 . (58)
Here, each line represents a constituent, and the non-dot numbers correspond to the coordi-
nates which involve that constituent. For example, the D1 is stretched along x5.
This is a supersymmetric state, preserving one of eight supersymmetries, for left-moving
momentum. The supersymmetry of this intersecting brane configuration can be seen [85, 86]
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from the constituent brane conditions:
ǫL = (Γ0Γ5Γ6 . . .Γ9)ǫR (R5) ,
ǫL = (Γ0Γ5)ǫR (R1) ,
ǫL = (Γ0Γ5)ǫL ; ǫR = (Γ0Γ5)ǫR (W ) ,
(59)
where the two Majorana-Weyl spinors satisfy ǫL = Γ♮ǫL and ǫR = ηΓ♮ǫR with η = +1 for
IIB. We have taken the three charges to be positive.
The five dimensional black hole is obtained by rolling up the string on a circle of radius
R5, and rolling up the fivebrane on the direct product of the circle and a four-torus T
4 with
volume (2π)4V , V = R6R7R8R9. The resulting metric is in five dimensional Einstein frame
ds25 = (H1H5Hp)
−2/3 dt2 − (H1H5Hp)1/3
[
dr2 + r2dΩ23
]
, (60)
where Hi = 1 + r
2
i /r
2 are harmonic functions and
r2i =
16πGdMi
(d− 3)ωd−2
∣∣∣∣∣
d=5
, (61)
where Mi is the mass of the i-th constituent. We have not written out the expressions for
the gauge, dilaton, or internal moduli fields. From the gauge fields come the relations
r21 =
gQ1ℓ
6
s
V
, r25 = gQ5ℓ
2
s , r
2
p =
g2Qpℓ
8
s
R25V
. (62)
These parameters are the gravitational radii associated to the three charges on the black
hole. For the three gravitational radii to be comparable for weak bulk coupling g, we need
Q1∼Q5≪Qp, when R5, V 1/4∼ℓs. If all of these scales are smaller than the string scale, the
supergravity fields are negligible. In this regime we do not really have a black hole; to get
one, we need to grow some gravitational radii above the string scale.
In order for the classical supergravity solution to be valid, we need that closed string
loop corrections, which are proportional to g2, be small. We can arrange this at fixed R5, V
while retaining nontrivial gravitational fields by taking the limit [87]
g → 0 , Q1, Q5, Qp →∞ , r21,5,p fixed . (63)
We may also ignore stringy α′ corrections to the geometry as long as the gravitational radii
are large in string units,
r1,5,p ≫ ℓs . (64)
Internal dimensions will be inaccessible to outsiders as long as R5, V are small. In the
supergravity regime, the charges and mass on the black hole are macroscopic in string units.
The Bekenstein-Hawking entropy associated to the black hole geometry is given by
SBH =
A
4G5
= 2π
√
Q1Q5Qp . (65)
An important feature of this entropy is that it is independent of the string coupling and of
the moduli of the internal compactification manifold. This is in fact a general feature of black
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hole entropy; for a recent discussion see e.g. [88]. In addition, the Hawking temperature is
zero, as expected for an extremal black hole.
We now turn to the weak-coupling sister D-brane configuration in order to compute the
D-brane entropy. The first two charges are carried by Q5 D5-branes with Q1 D1-branes
inside. For the third charge, we need massless open strings with endpoints on various D1,5-
branes to carry the momentum P =Qp/R5. The fermionic massless open strings can also
each carry h¯/2 of angular momentum. Other configurations have also been studied which are
U-dual to this one [85, 86, 89, 90, 91, 92]; U-duality of entropy of four and five dimensional
black holes is discussed in e.g. [93] and the comprehensive review [36].
Counting the degeneracy of states for this system of open strings and D-branes is simplest
to perform in the limit [23] where we wrap D1,5-branes on a compactification manifold with
R5≫ V 1/4, so we get a theory in (1+1) dimensions; it has N = (4, 4) supersymmetry. By
analyzing the gauge theory on the brane, one finds [84] that there are nb=4Q1Q5 bosonic
and nf =nb fermionic degrees of freedom. Roughly, these correspond to the open strings with
one endpoint on a D1 and one on a D5, and the 4 arises because the D1 can move only inside
the D5. The central charge of this d=1+1 theory is thus c=nb+nf/2=6Q1Q5. The more
rigorous way to calculate c is via T-duality on x5 where we get the moduli space of instantons
on T 4. When the charges are macroscopically large, this moduli space is well approximated
[94, 95] by the symmetric product space SQ1Q5(T 4), and its dimension is c=6Q1Q5. Now,
the massless bosonic and fermionic degrees of freedom carry left-moving momentum, and
energy. Since the supergravity configuration is BPS, the configuration on the brane must
also be BPS. Hence the energy and momentum in the (1+1) dimensional theory are related
by E=PL=Qp/R5. We can then calculate the partition function for this system of bosons
and fermions:
Z =

 ∞∏
Qp=1
1 + wQp
1− wQp


4Q1Q5
≡∑Ω(Qp)wQp , (66)
where Ω(Qp) is the degeneracy of states at d=1+1 energy E=Qp/R5. When Qp is large,
the asymptotic behavior of Ω(Qp) is at leading order exponential, Ω(Qp)∼ exp
√
πcEL5/3,
with L5=2πR5. The microscopic entropy is therefore [23]
Smicro = 2π
√
Q1Q5Qp , (67)
which agrees precisely with the Bekenstein-Hawking entropy of the black hole (65). This
agreement between the entropy of the D-brane/string boundstate and the black hole is thus
in line with expectations from supersymmetric nonrenormalisation arguments.
Let us now inspect the regime of validity of the D-brane picture [87]. We already have
that the closed string coupling is weak, g≪1. Feynman diagrams involving open strings pick
up a factor of gQ1,5 because gopen∼√g and because of the Chan-Paton factors on the open
string endpoints. As explained in [96], processes involving Qp give rise to factors g
2Qp when
propagators hook onto the external state. Therefore, conventional D-brane perturbation
theory is good when [87]
r1,5,p ≪ ℓs , (68)
which is precisely the opposite regime to (64) where the classical supergravity solution is
good. The D-brane/string perturbation theory and black hole regimes are thus complemen-
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tary. This feature is related to open-closed string duality. Note in this regard a remark in
[96] and the recent work [97] where it is argued that in the near-horizon region there is a
duality between the supergravity description and a large-N gauge theory description. We
comment more on this in a Note Added at the very end of this article.
A qualitatively different system has been studied which gives rise to BPS d = 5 black
holes with nonzero entropy [98]. There, the system of branes studied is wrapped D5-branes
with self-dual magnetic fluxes on the fivebranes. The degeneracy of states must be counted
via the Landau degeneracy of open strings connecting different branes, or alternatively using
properties of torons occurring in the supersymmetric gauge theories on the branes. Agree-
ment is found with the Bekenstein-Hawking entropy.
Entropy of a more general BPS six dimensional black string with has also been studied
from the string theory perspective in [99, 100, 101, 102, 103]. In these works, left-moving
waves on the string [104] are allowed to have large amplitudes. The entropy can be calcu-
lated using both string theory and classical gravity. In this case, even though the classical
spacetime is singular on the horizon, agreement is again found between the two different
approaches. The issue of the importance of quantum corrections to the classical spacetime
side of this agreement has not yet been resolved fully.
4.2 Fractionation
An important subtlety arises in the use of the exponential approximation to the formula
(66). This approximation is only valid when the energy of the system is such that there is a
large degeneracy of states at that given energy, or equivalently when Qp≫Q1,5. As pointed
out in [105], the exponential approximation is no longer valid when Qp∼Q1,5. The simplest
way to see this physically [105] is to recall that the massless open strings constitute a gas
of left-movers of order Q1Q5 species with average energy Qp/R5. Introducing a temperature
TL and making the assumption of extensivity we have energy E∼Q1Q5R5T 2L=Qp/R5 and
S ∼ Q1Q5R5TL. Eliminating TL gives S ∼ (Q1Q5Qp)1/2 which is the Bekenstein-Hawking
scaling. However, substituting back we find the inverse temperature T−1L ∼R5(Q1Q5/Qp)1/2,
which if all three charges are comparable is longer than the wavelength of a typical quantum
in the box of size R5, and so the gas is too cold for thermodynamics to be applicable.
The solution of this problem [105, 84] is to realize that in this regime the intersection
string is not multiple copies of singly wound string, but rather a single copy of a multiply
wound one. This fractionation was suggested by the work of [106]; fractionation may also
be seen in the context of the SQ1Q5(T 4) theory.
Since it is the massless strings running between the D1,5 that dominate the entropy of the
configuration [77], the intersection string is wound [105] on a large radius R5Q1Q5 instead of
R5 and thus has an energy gap δE∼1/(R5Q1Q5) rather than the na¨ıve 1/R5. In addition,
the tension of the intersection string becomes fractionated by comparison to the na¨ıve D-
string tension. Then there are plenty of low energy modes available. Using E∼(R5Q1Q5)T 2L,
we find T−1L ∼(R5Q1Q5)/(Q1Q5Qp)1/2, so that the temperature is plenty hot enough for the
equation of state to be valid. The counting then proceeds in a similar manner as before, but
replacing c = 6Q1Q5 by c = 6 and L5 by L5Q1Q5. The result again agrees precisely with the
Bekenstein-Hawking entropy.
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4.3 N = 2, d = 4 BPS Black Holes
d = 4 extensions of the IIB d = 5 results were found in [81] by adding a new ingredient to
the {R1, R5,W} system: a KK6. The T-dual system was studied in IIA [82]. U-dual d = 10
configurations were found in [107, 108], in more generality in [109], and in [107] an M-theory
configuration was also exhibited. Picking one representative of the duality orbit, we have
M51
M52
M53
MW


0 · · · 4 5 6 7 · · ♮
0 · · · · · 6 7 8 9 ♮
0 · · · 4 5 · · 8 9 ♮
0 · · · · · · · · · ♮

 . (69)
Note that since M5-branes cannot end on any other branes [58], this should really be thought
of as fivebranes with parts extending in different orthogonal directions. The four dimensional
black hole is recovered by rolling up the above on a manifold T 6 × S1.
This view of four dimensional black holes as composite M5-branes with additional mo-
mentum can be extended to compactifications with less supersymmetry. There, instead of
wrapping the fivebranes on pairs of 2-cycles in T 6 we wrap them on 2-cycles in a Calabi-Yau
threefold CY3, to obtain BPS black holes in d = 4,N = 2 supergravity.
Entropy formulæ for the N = 2 black holes were obtained in [110, 111, 112, 113]; in
[114] some quantum corrections were studied. For toroidal compactification a conjecture
was made in [107] about how to count states in the microscopic 1+1 dimensional theory on
the common string; in [108], essentially the same observation was made independently, in
the d=10 context. In [115] the microscopic entropy was also computed heuristically for the
N = 2 case for a restricted class of solutions, and this was extended to the general case in
[116, 117]. See also the work [118].
Precise methods for counting the microscopic entropy for BPS N =2, d=4 black holes
became available more recently [119], and do not make use of string theory; related work in
the IIA context was done in [120]. The microscopic computations were done in a regime of
parameter space where the M5-branes’ gravitational fields were negligible for the purpose of
counting states. Certain charge restrictions were also implemented, which meant that the
fivebranes were smooth and noncoincident. The dimension of the space of supersymmetric
M5-brane deformations, and hence the degeneracy of states, is then calculable in the regime
where R♮≫V 1/6CY , by analyzing aN =(0, 4), 1+1 dimensional theory obtained from knowledge
of the chiral worldvolume theory for the M5-brane and the Calabi-Yau CY3. The microscopic
entropy was then calculated, including the first subleading term.
The charge restrictions were also needed in order that semiclassical d=11 supergravity
could be used for the strongly gravitating side. On the black hole side, the leading correction
to the entropy was computed in the Euclidean approach by evaluating the leading correction
in the d=4 supergravity action, which descended from an R4 correction to d = 11 supergrav-
ity, on the classical solution. In the IIA d=10 picture, this correction occurs at one string
loop, and it was argued that no higher string loops could correct it; α′ corrections were also
argued to be subleading due to the charge restrictions. The resulting black hole entropy and
its leading quantum correction then agree precisely with the M-brane computation [119].
In this picture, we have seen that the microscopic degrees of freedom behind the Be-
kenstein-Hawking entropy of the N = 2, d = 4 black hole may be thought of as zero-cost
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deformations of the M5-brane configuration, or “M5-brane foam” [119]. These are analogous
to the D-brane/string moduli space degrees of freedom in the d = 1 + 1, (4, 4) non-chiral
theory from our previous example. An earlier remark about counting black hole entropy by
considering “D3-brane foam” was contained in the work [121].
A recent calculation [122] has found qualitative agreement between string state entropy
and the sister black hole entropy for N = 2, d = 4, in the same spirit as the calculation for
maximal supergravities [14]. The undetermined constant for matching in type II is shown
to be different to that required for heterotic matching, as expected. Another recent work
[123] has considered near-BPS N =2 black holes in the light of the above precise M-brane
counting.
We now leave BPS territory and turn to near-BPS configurations.
4.4 Near-BPS d = 5 Black Holes
In ten dimensional string frame, the metric corresponding to the nonextremal configuration
with R-R 1- and 5-brane and momentum charge is [124, 125]
ds210 = f1(r)
−1/2f5(r)
−1/2
{
dt2 − dx25 − k(r) (coshαpdt+ sinhαpdx5)2
− f1(r)
[
dx26 + . . .+ dx
2
9
]
− f1(r)f5(r)
[
{1− k(r)} dr2 + r2dΩ23
]}
, (70)
where r2 =
∑4
i=1(x
i)2 and
k(r) =
r2H
r2
, f1,5(r) = 1 + k(r) sinh
2α1,5 . (71)
Here the horizon radius rH is related to the ADM mass of the pre-boost black hole. Note
that the BPS solution may be recovered by taking the limit rH→ 0, αi→∞ in such a way
that the product rHe
αi is finite. To get a d=5 black hole we roll up on the five-torus. Then
the form of the metric and R-R antisymmetric tensor implies that there are four independent
length scales for the five dimensional black hole:
r21 =
gQ1ℓ
6
s
V
, r25 = gQ5ℓ
2
s , r
2
H =
2
sinh(2αp)
g2Qpℓ
8
s
R25V
, r2p = tanhαp
g2Qpℓ
8
s
R25V
.
(72)
r1,5 are the scales of variation of the supergravity fields due to R1,5-brane charges. In the
BPS limit, rp is the scale of variation due to the momentum charge.
Arguments similar to those of the last section may be used to calculate the D-brane
degeneracy of states. Near-BPS black holes possess a small energy excess over their BPS
counterparts, and they break supersymmetry. This added energy needs to be macroscopically
measurable but small by comparison to the energy of the BPS system. We can add energy
by adding pairs of strings moving with opposite momenta, or by adding pairs of D1,5-branes
and anti-D1,5-branes [77].
We work in the regime R5 ≫ V 1/4 where the theory is effectively (1+1) dimensional, so
that rH , rp ≪ r1, r5. This means that the contributions to the entropy coming from anti-
D1,5-branes are suppressed by comparison to the contributions from left- and right-moving
open strings. Then, since the string coupling in five dimensions involves an inverse power
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of R5 via (7), interactions between left- and right-movers are weak and we may use a dilute
gas approximation [78]. In this (1+1) dimensional dilute gas regime, entropies of left and
right movers are additive. From the point of view of the supergravity solution, this is where
the configuration is really a six dimensional black string.
The lowest energy, and highest entropy, modes for the near-BPS system are then the left-
and right-moving open strings. The left-movers for the BPS system have a macroscopically
large charge Qp =NL. To mock up the near-BPS black hole, on the D-brane side we add
a few left- and right-movers, δNR,L, while keeping δNR = δNL in order to keep the charge
Qp=(NL+δNL)−(δNR) fixed. The microscopic entropy for the near-BPS configuration may
then be calculated by adding the left- and right-mover entropies, using fractionation if the
charge ratios warrant it. The microscopic entropy of near-BPS D-brane/string system then
agrees precisely with the Bekenstein-Hawking entropy,
Smicro = SBH . (73)
The case of the near-BPS plain D5-brane was analyzed in [126]; previous and subse-
quent work on BPS fivebranes may be found in [127]. It was found that the entropy can be
accounted for in terms of a gas of weakly interacting effective instanton strings with frac-
tionated tension. It was, however, difficult to justify the assumption that the gas is weakly
interacting. It would be interesting to understand the reason for the precise agreement in
this picture.
Surprising agreement for extremal but non-BPS black holes [128] has also been found in
[83, 129, 130, 131].
In recent work [132], the connection via previously unexplored duality transformations
[133] between d = 4, 5 (and some higher-d) non-extremal black holes and the d = 3 BTZ
[134, 135] black hole has been used to find the microscopic entropy. The degeneracy of states
was computed using Carlip’s method [136], which makes use of the fact that d=2+1 gravity
can be described by a Chern-Simons gauge theory. In this way, intriguing agreement with
the Bekenstein-Hawking formula was found.
5 Emission and Absorption Rates
Classically, black holes are known to gobble up particles crossing their event horizons. Semi-
classically, they also Hawking radiate [4]. One way to calculate semiclassical emission rates
is to begin with the probability of absorption of a particular incoming matter wave. In the
case of interest, we solve the wave equation for the field in question, for low-energy modes. In
practice, solving this equation can be very difficult technically because of nonlinear mixing
between different modes. The wave equation has approximate solutions where the radial
coordinate r is related to the gravitational radii ri by r ≫ ri (asymptotically far away) and
r ≪ ri (near the horizon). Matching of the approximate solutions in the overlap region then
yields the probability that a wave incident from asymptotically far away will be absorbed
by the black hole. This matching procedure can be complicated depending on the hierar-
chy of scales of the different gravitational radii. The absorption probability for an ingoing
wave differs from unity because the curved geometry outside the horizon backscatters part
of the incoming wave. The dominant mode for either emission or absorption at low energy
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is the s-wave; a general proof that the low-energy s-wave cross-section for absorption of
minimally coupled scalars by a d dimensional spherically symmetric black hole is the area
of the event horizon was given in [137]. The absorption cross-section is then converted via
detailed balance to an emission cross-section and then an emission power using the canonical
ensemble.
5.1 Emission from D-Branes
In [77] it was argued that Hawking radiation of near-BPS black holes has an analogue in
the D-brane system, and an approximate rate for the process was calculated. For clarity we
will stay with the five dimensional examples in the {Q1, Q5, Qp} system, but results for four
dimensional black holes have also been obtained. In this D-brane system, there is a significant
population of left-moving excitations and a few right-moving excitations, all treated in the
dilute gas approximation. The left-movers and right-movers carry a net momentum and
so different temperatures TL,R are assigned to them. In order for thermal equilibrium to
be established, some interactions are needed. Now, when a left-moving and a right-moving
open string interact, they can scatter elastically or produce a closed string which escapes to
the bulk. The latter process is the D-brane analogue of the emission of a Hawking quantum.
The dynamics of the D-brane/string system is calculable perturbatively at weak coupling,
and so the amplitude for this process may be computed precisely. A review of computation
of closed-open string amplitudes relevant to this emission may be found in [138].
Since the number of right-movers is microscopically large, while being macroscopically
small, we may make the assumption that the system is in thermal equilibrium, and that it
is appropriate to use the canonical ensemble. If the number of right-movers were microscop-
ically small, the loss of one of them to make a bulk degree of freedom would disrupt the
ensemble too much and invalidate the assumption. We would also see trouble on the black
hole side due to the third law. For a discussion of small corrections to the picture we use, see
[139]. Note also that thermalization of left- and right-movers is indeed occurring, through
decoherence processes involving the bulk degrees of freedom.
From the partition functions for the left- and right-movers we can then extract in the
standard way the distribution functions for the energies and hence the temperatures. The
distribution functions are then the usual Bose-Einstein or Fermi-Dirac. From this we can
proceed to find the emission rate for closed string quanta into the bulk. We need, as before, to
be in the dilute gas regime which is rp,H≪r1,5, and [87] T−1L,R≫r1,5; we also need low energies,
ω−1≫r1,5. For the D-brane action we use the Lagrangian for the effective intersection string,
with fractionated tension if needed. In some cases, [106, 140], the effective string picture has
been checked explicitly by relating to fundamental strings.
The first precise D-brane calculations [141] were made for emission of bosonic scalars
arising from internal components of the ten dimensional graviton hij , which are minimally
coupled scalars. It is simplest to use the harmonic gauge for the perturbations. The tree
interaction vertex for these modes is then of the form hij∂µX
i∂µXj. The next piece of
information needed is the field normalizations, which are obtained from the brane and su-
pergravity actions, remembering fractionation. We can then find the amplitude for the two
open strings to collide and produce a bulk hij . To find the emission power from the cross
section we average over initial states by using the thermal density of states functions for the
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left- and right-movers, and sum over final states. The final answer for the energy emitted in
an infinitesimal energy range around k0 per unit time is for the minimally coupled scalars
[141]
dE(k0)
dt
=
AH
8π2
k40dk0
ek0/TH − 1 , (74)
where AH is the area of the event horizon. The temperatures are related to the Hawking
temperature by [84] 2T−1H =T
−1
R +T
−1
L . Absorption processes may be calculated in an entirely
similar fashion. Four dimensional s-wave results for minimally coupled scalars were obtained
in [143]. For a discussion of emission versus absorption in the D-brane context, see [144].
Note that the assumption of thermality for the D-brane ensemble is crucial for reproducing
the Hawking rate.
D-brane results in the s-wave then agree exactly with the semiclassical black hole results,
for emission and absorption of minimally coupled scalars [141], including all coefficients and
greybody factors. As with the entropy, we are seeing whole black hole functions reproduced
from D-brane physics. This is quite remarkable, because the physical processes are different
in the two different approaches.
In string theory the low-energy effective theories are supergravities, and these theories
typically have nonminimal couplings between gauge fields and scalars, so that old no-hair
theorems do not apply [76]. “Fixed scalars” [110, 145, 146] are scalar fields in the black
hole background experiencing a potential near the horizon which fixes their values there. An
example of such a field in our d=5 example is the dilaton; the emission rate for this was found
in [142]. In [147, 148, 149, 150, 151] it was shown that emission of fixed scalars is suppressed
by comparison with minimal scalars, both from the supergravity and D-brane perspectives.
On the D-brane side this was accomplished by showing that processes involving fixed scalars
arise from higher order open-string processes on the brane worldvolume. Precise agreements
were found for some situations.
Results have also been obtained for emission of higher angular momentum modes [152,
153], fermionic quanta [154, 155, 156], charged particles [157, 158, 87], intermediate scalars
[159], for rotating black holes [160, 161], and for more general charge configurations [162, 163,
164, 165]. These additional cases, including fixed scalars, provide a more stringent test of the
effective string picture of near-BPS black hole radiation than the initial calculations. The
case of plain D3-branes [166] has also been studied extensively [167, 168, 169, 170, 171, 172]
and some precise agreements have been found in that system as well.
5.2 Discrepancies, and a Correspondence Principle Fix
Discrepancies between the effective string model for d=4, 5 and semiclassical black hole cal-
culations have arisen, in analysis of higher dimension operators, higher partial wave emission,
and black holes with generic charge and angular momentum, e.g. in [163, 151, 164, 161, 165].
These discrepancies may be due to insufficient understanding of the effective string model,
and/or the lack of an accompanying nonrenormalisation theorem. In addition, in [140] it was
shown that the fractionation argument breaks down for D1-branes in isolation and wrapped
on x5 when R5 is too small. Assuming that this carries over for the D1-branes in the black
hole’s sister boundstate, this means that R5 should not be too small in string units. Other-
wise, the excitation energy levels would be smeared into broad resonances and the effective
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string model would lose its calculational efficacy. The case of parallel p-brane black holes
was discussed in [162].
One situation in which there were emission disagreements [173, 164] appeared to clash
with the correspondence principle. This was the case of a d = 5 black hole with two
large NS-NS charges which, as we saw in a previous section, is sister to an excited string
state carrying winding and momentum charge. Qualitative features of the emission spectra
disagreed between the string and black hole systems at the correspondence point, where they
should by rights agree. A resolution of this problem was found in [174].
The essential new input was the realisation that there are other degrees of freedom
than stringy excitations which can come into play for the case of a d = 5 black hole with
charges Qw, Qp; namely, NS5-branes wrapped around the compactification manifold. Since
MNS5 ∼ 1/g2, these objects are much heavier than strings at weak coupling and are there-
fore unimportant degrees of freedom. As the coupling is increased, however, the fivebranes
become lighter.
Now, from (28,29) we can see that the extra energy above the BPS energy scales in d = 5
approximately as
∆E ∼ r
2
H
Gd
∼ R5V r
2
H
g2ℓ8s
, (75)
which at the correspondence point rH ∼ ℓs is [174] the mass of a single NS5−NS5 pair.
However, the fivebranes are fractionated by 1/(QwQp) in this regime, as can be seen by U-
duality from the {Q1, Q5, Qp} system. To get from there to our situation with Qw, Qp, nNS5,
we perform a sequence of dualities, e.g. S · T5 · S · T6789 · S. In the process, additional left-
and right-movers δNR = δNL become NS5−NS5 pairs. Therefore, there are actually many
pairs of fractionated fivebranes [174]:
n55|c ∼ QpQw , (76)
and a corresponding entropy that is comparable [174] to that carried by strings, at the
correspondence point:
SNS5|c ∼
√
QwQp ∼ SF1|c . (77)
So we see that at the correspondence point the NS5-branes begin to share the excess energy
∆E. At larger couplings the NS5-brane entropy in fact dominates over that of the strings,
while at weaker couplings the string entropy dominates.
Now let us recall that gravity does not decouple for NS5-branes (when ℓs is fixed). Then
the fact that the NS5-branes start to contribute to the entropy just at the correspondence
point ties in with the fact that the correspondence point is just where the metric deviates
enough from flat space to be called a black hole [174]. For four dimensional black holes, the
extra branes coming into play are the solitonic Kaluza-Klein monopoles [174].
Then the entropy and the emission properties of the NS-NS black holes can be shown
to match at the correspondence point with those of the {F1,NS5−NS5} system, with both
the F1- and NS5-branes controlling which polarizations may or may not be emitted, just as
the D1,5-branes and open strings running around R5 do for the U-dual R-R system [174].
General reasoning of this sort is also suggestive of a way to resolve some difficulties with
emission and absorption of higher partial waves [174].
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In addition, from (56) we saw that correspondence points of two configurations related
by a boost are mapped to each other by the boost. This can be used to relate emission rates
in one configuration to emission rates in the other [69, 70].
5.3 Near-BPS Nonrenormalisation, and Information
The agreement of the entropy and emission power for near-BPS black holes and the sister
D-brane/string states is so striking that we are led to wonder if there is a nonrenormalisation
theorem operating. In the BPS case there was a direct nonrenormalisation theorem available
to protect the degeneracy of states from quantum corrections as the coupling is increased to
take the sister D-brane/string boundstate into a black hole.
For non-BPS configurations, nonrenormalisation theorems may indeed be operating in
order to ensure the precise agreement found for entropy and emission for near-BPS black
holes in the dilute gas regime. For the d=5 case in the dilute gas regime, an explanation
was offered in [175], where it was argued that at energies low by comparison to the inverse
gravitational radii 1/r1,5, the moduli space description for the effective string is not renor-
malized perturbatively or nonperturbatively. This means that the entropy and low-energy
emission/absorption rates are the same for the black hole and its weak-coupling sister D-
brane/string boundstate. For another discussion relating to this system see [176].
Another situation in which a nonrenormalisation argument for low-energy modes in near-
BPS backgrounds has been formulated [169, 177] is in the study of absorption and emission of
longitudinally polarized gravitons by threebranes. There, the conformal invariance of SYM
in (3+ 1) dimensions was used to argue that the central charge, the quantity controlling the
leading process for emission and absorption of those low energy modes, is not renormalized.
In addition, in [178] it was argued that some one-loop open string corrections to the tree
level parallel Dp-brane results for particle emission are calculable and small at low energies.
From this it is conjectured that the D-brane result may be extrapolated to the black hole
regime as long as the energies are kept lower than the inverse of any gravitational radius in
the problem.
We have seen in previous sections spectacular agreements between black hole entropy and
emission for near-BPS states. This led some optimists in the string theory community to
speculate that string theory eliminates the information problem for black holes, because scat-
tering involving D-branes and strings is unitary. However, we believe that this speculation
may be premature.
Since the D-brane/string and black hole pictures are complementary, we will obtain
little direct insight into the black hole information problem by using the unitary nature of
perturbative D-brane/string scattering. We must instead tackle head-on the issue of probing
a black hole directly, in the string theory context. The question of whether this can be
done is an issue of principle, of whether there is a well-defined prescription for calculating.
Whether or not we can subsequently perform the calculation is of less importance.
Among proposals that have been made, two of them [179, 180] suggest that this probing
of the internal state of the black hole can indeed be done in principle, and they involve
stringy hair on black holes. Some previous suggestions on how stringy hair, such as that
associated with the infinite number of gauge symmetries in string theory, might be relevant
to the black hole information problem may be found in [181, 182, 183, 184, 185]. In [180],
27
with the assumption of the existence of a local low-energy effective field theory to describe
scattering, it was argued that the statistics symmetry group for D-branes may be important
for information retrieval. There remain several outstanding issues, however, one of which
is that it is unclear whether just the above statistics symmetry can be used to reconstruct
the entire quantum state of the black hole. In addition, it is unclear whether information
about the black hole may be recovered by using low-energy probes; for a discussion on this,
see [179]. In different works [87, 175] it was argued that nonrenormalisation arguments for
near-BPS cases in the dilute gas regime may push the information loss problem to energies
higher than the inverse gravitational radii. In [186] it was argued that decoherence may be
an important means by which mixed states arise. Recent work on near-horizon geometry
and string theory such as [97] may also be relevant to studying the information problem.
The upshot is, we believe, that string theory with its current technology has not yet re-
solved the information problem in black hole physics, although it remains the most promising
candidate theory to do so.
6 D-Probes and Matrix Theory
In studies of scattering of strings off D-branes it was found [187, 188, 189, 190, 138] that
the strings can probe D-branes down to distances only of order the string scale. This occurs
essentially because the D-branes have a “halo” of open strings around and ending on them,
which then interact with the closed strings in the bulk with a characteristic scale ℓs.
6.1 D-Branes as Probes
D-branes themselves can also be used as probes [191, 192, 193]. The crucial new feature
of using D-branes, rather than strings, as probes, is that the distance scales probed by D-
branes depend on the string coupling g [194] and are shorter than ℓs at weak coupling. The
use of D-branes as probes of black holes was first investigated in [96, 195, 196] and later in
[197, 198, 199, 200].
Two complementary approaches to the physics of D-brane probes exist. The first is to
use the action for a test D-brane in the supergravity background, given by (18). This is
a valid scheme when gravitational radii are large by comparison to the string scale. The
second method is to use SYM perturbation theory for the D-brane system, and this is
valid in the opposite regime. The two approaches may be expected to agree if there is a
supersymmetric nonrenormalisation theorem operating. Theorems for systems of interest
have not been proven generally; indeed, they are provably unavailable in some situations;
see [201] regarding p= 2, 3. Recent overviews of the considerable work done in comparing
D-brane(/Matrix) and supergravity forces on probes may be found in [199, 202, 203]. We
will only touch on these works here.
In order to evaluate the action (18) for a probe Dp-brane in a supergravity background,
we need to specify the gauge, i.e. the relation between the worldvolume coordinates σα and
spacetime coordinates Xµ. We choose an obvious generalisation of the static gauge:
Xα = σα , α = 0, 1, . . . p ,
X i = X i(t) , i = (p+ 1), . . . , 9 ,
(78)
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where the velocities vi=dX i/dt are small. We then pull back the spacetime metric in d=10
string frame to the (p+1) dimensional worldvolume. This yields a worldvolume metric with
time components different to those of the spacetime metric because of the motion of the
probe.
For our familiar {Q1, Q5, Qp} system, this yields for a test D5-brane probe
S5 = −τD5
∫
d5+1σ
1
H5(r)
[√
1− v2H1(r)H5(r)Hp(r)− 1
]
, (79)
where Hi=1+r
2
i /r
2 are the familiar harmonic functions describing the black hole background.
From the point of view of the d=5 black hole, we are imagining that our probe is wrapped
around the appropriate compactification manifold, and so it looks like a RR-charged particle.
Separating off the kinetic and potential terms, we have for the supergravity potential at
lowest order in v2,
V SUGRA5 = −τD5
v2
2
[Hp(r)H1(r)− 1] . (80)
In the moduli space approximation, when we keep only O(v2) terms, we see that the probe
does not see the gravitational field of the constituents of the boundstate which are of the same
type as itself. Also, the metric on the moduli space is easily read off from the coefficient of
v2 in the action. In [96] the case of the D1-brane probe was analyzed with specific attention
to the geodesics on this moduli space. Although the moduli space metric is geodesically
complete, there are geodesics that take probes into the black hole.
Analogous probe actions can also be written for non-extremal geometries [197]. Probing
of extremal but non-BPS black holes has also been studied in [198, 200].
Now we turn to the computations on the D-brane side. In this case, we are considering
a situation where the boundstate of a large number of D-branes/strings is separated by a
distance r from the probe D-brane. Open strings stretching between the probe D-brane
and the D-branes in the boundstate appear as massive fields in the gauge theory for the
probe+boundstate.
For BPS situations these probe+boundstate gauge theories have been analyzed compre-
hensively in [199, 202], whose notation we follow here. Let us consider the situation where we
have N Dp-branes, possibly with other branes dissolved inside or intersecting them. Then,
with the masses of the stretched strings m= r/ℓ2s providing an infrared cutoff, the general
contribution to the (p+1) dimensional gauge theory effective action is, using power counting
[199, 202, 203],
Γ =
∞∑
L=1
(
g2YMN
)L−1 ∫
dp+1σ
∑
n
cn,LF
n
m2n−4−L(p−3)
, (81)
where cn,L are constants. We will compare directly the one-loop term in this expansion with
the leading supergravity dependence. To leading order, the term of interest is, at one loop,
schematically [199, 202, 203]
Γˆ(1) =
c7−p
(2π)pr7−p
∫
dp+1σ
{
−1
8
Str
[
F 4 − 1
4
(
F 2
)2]}
, (82)
where cn = (2π)
n/(nωn+1). There is also a two-loop term, part of which is needed for the
comparison with supergravity at subleading order in r.
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The way the calculation is done in the SYM theory is as follows [199, 202]. The number
of D5-branes is N ; to represent the D1-branes in the D5-brane worldvolume theory, we turn
on self-dual magnetic fields, and we excite waves to represent the last charge. To represent
the relative motion of the probe and the boundstate, we turn on a transverse scalar; this
actually means we need to include an extra term in Γˆ(1) which is easily obtained by T-duality
from p→ p+1. The precise coefficients for all the gauge theory configurations are fixed by
charge normalizations. Then the leading one-loop terms Γˆ(1) may be computed. The result
is [96]
V SYM5 = −τD5
v2
2
[
r21
r2
+
r2p
r2
]
, (83)
which agrees with supergravity at lowest order. The status of the two-loop term in SYM is,
as yet, less clear [96, 199].
In all of these supergravity/SYM comparisons a subtlety arises, concerning the depen-
dence of the SYM result on the probe-type harmonic function. For precise agreement with
SYM, it is found that the probe-type harmonic function of the supergravity boundstate must
be altered as H → H − 1. As pointed out in [199, 202, 203], this can be thought of in two
different ways. The first is to assume that the number of probe-type branes in the bound-
state is large by comparison to any other quantum numbers of the boundstate, so that the
r-dependent term in H dominates. The second is to dualize the probe branes to D0-branes,
and to think of the D0-branes as coming from a null rather than spacelike reduction of an M
theory wave MW; this is related to the “DLCQ” prescription of [204] which we will discuss
shortly.
Other agreements between potentials for D-brane probes interacting with charged back-
grounds have been found; see [199, 202] for a recent overview with references. In the d=5
near-BPS black hole case, a new twist arises, namely that in order to obtain agreement for
the one-loop results we have to perform a change of radial variable [197]. Note that since
this is a coordinate transformation it does not contain any physics, and that it could be done
term by term in the SYM loop expansion.
6.2 Matrix Theory
The low energy limit of M theory is given by eleven dimensional supergravity. Approximately
a year ago the proposal was made [205] that M theory, the overarching theory of everything,
is described in the light front frame by a certain matrix model, known as Matrix theory. This
proposal has passed some important tests, such as reproducing some low-energy scattering
amplitudes of eleven dimensional supergravity, and the emergence of string perturbation
theory in compactification on a circle. Matrix theory also has the virtue that many dualities
are derivable from the Hamiltonian. Recent reviews may be found in [206, 21, 207, 22]. The
ideas of Matrix theory have also been applied to black hole systems. Initially, Matrix theory
analogues of D-brane results were discovered for charged black holes [195, 196, 208], but
recent works have made use of other intrinsic properties of Matrix theory to tackle the case
of neutral black holes [209, 210, 211, 212, 213, 214, 218].
The basic length scale associated with the dynamics of D0-branes is [219, 220]
ℓ11 = g
1/3ℓs . (84)
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For weak coupling g, this is considerably shorter than the string scale. As can be seen from
(13), it is also the d=11 Planck length.
Now suppose that we wish to do physics with D0-branes at distances ℓ ∼ ℓ11. The
dynamics is described via the open strings which connect the D0-branes. The mass of an
open string stretched between two D0-branes a distance ℓ11 apart is m∼ g1/3/ℓs. For weak
coupling, this is an energy far lower than that of the massive modes of the string. Hence,
if we wish to study dynamics at ℓ ∼ ℓ11 ≪ ℓs, we may neglect massive open string modes
and simply use the low-energy effective gauge theory. Closed string loop corrections are also
suppressed for weak bulk coupling g. Next let us rescale the energies and take weak bulk
coupling [219, 220] such that
g → 0 , Ef = g
1/3
ℓs
=
R♮
ℓ211
fixed . (85)
Note that we are sending ℓs (and κ10) to zero in this limit. Then the Lagrangian for the
D0-branes is obtained by dimensionally reducing d=9+1 SYM to d=1+0. The resulting
Lagrangian is in string units (A0 = 0)
L0 = Tr
{
1
2g
dX i
dt
dX i
dt
+
g
4
[
X i, Xj
]2
+ θT
dθ
dt
− θTγi
[
θ,X i
]}
. (86)
The bosonic fields X i are N×N matrices and, in physical situations where they commute,
the diagonal entries describe the positions in the ith direction of the N D0-branes. The
fermionic θ is the 16 component Majorana spinor superpartner of X i. If we then rescale all
fields and time by appropriate powers of ℓ11, [219, 220] then we obtain a Hamiltonian in ℓ11
units with the g-dependence as an overall factor:
H0 = R♮Tr
{
1
2
ΠiΠi − 1
4
[
X i, Xj
]2
+ θTγi
[
θ,X i
]}
, (87)
where Πi are the canonical momenta for X i.
The BFSS conjecture [205] is that the large-N limit of the d=10 theory described via H0
describes d=11 M theory in the light front frame. It says that the fundamental degrees of
freedom of M theory are the nonrelativistic D0-branes, along with the stretched unexcited
strings that connect them.
For an indication of why the BFSS conjecture is reasonable, let us study light front
kinematics a little. Consider an M-theory graviton with N units of longitudinal momentum,
which in d = 10 IIA language is a bunch of N D0-branes. The d = 11 graviton is massless,
whereas the d = 10 D0-branes are massive and BPS. Then
P♮ =
N
R♮
. (88)
Next, from the usual relation for massless particles in d = 11, P0=
√
P 2⊥ + P
2
♮ , we see that
P0 = P♮ +
P 2⊥R♮
2N
+O
(
P 4⊥
N2
)
. (89)
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Going to light-front coordinates, x± = x0±x♮, we find that
P− ≃ N
R♮
, P+ ≃ P
2
⊥R♮
2N
, (90)
and the rough equality becomes exact in the N → ∞ limit. We can then see by studying
L0,H0 that the light-front energy P+ for the bunch is precisely the energy given by the
D0-brane Hamiltonian H0 in (87). Energies for other M-theory objects, such as M2- and
M5-branes, may also be obtained from the large-N Matrix theory Hamiltonian, by arranging
the noncommuting matrices X i in such a fashion as to reproduce the appropriate central
charge in the supersymmetry algebra.
Matrix theory is a quantum mechanics with sixteen supersymmetries. The fermionic
superpartners θ encode spin information. This extended supersymmetry has remarkable
consequences, one of which is the enabling of the identification of asymptotic states such
as the graviton and its superpartners [205]. Supersymmetry is also crucial in order for
the a priori short-distance (ℓ ∼ ℓ11) Matrix theory calculations to reproduce lowest-order
long-distance graviton scattering in supergravity (ℓ≫ ℓ11) [205].
Now, in order to study lower dimensional black holes, we need to know how to do Matrix
theory on compactified manifolds; for simplicity we will concentrate on tori T p. Then the
unexcited open strings connecting the D0-branes may wind around the cycles of the torus,
and via T-duality this results in the theory of N Dp-branes, i.e. U(N) gauge theory in (p+1)
dimensions. Using (12,13), we can express the usual T-duality relation (17) in terms of the
quantities R♮, ℓ11:
R˜i =
ℓ311
RiR♮
. (91)
Following the BFSS conjecture, the conjecture of [204] was made that H0 for finite N still
describes M theory, but in discrete light front7 quantization, DLCQ, where we compactify on
a lightlike circle. Subsequently, [221] and [222] have provided an argument for the relation
between finite-N Matrix theory and lightlike compactified M theory. The way this works
is by taking compactification on the usual spacelike circle of radius R♮, and boosting to
a lightlike circle, while holding certain quantities fixed. The resulting theory is called M′
theory; by assuming eleven dimensional Lorentz invariance, we have that M theory is then
the same as M′ theory. To see how this goes, we will follow [222]. We boost up the spatial
circle via rapidity δ, where
sinhδ =
R⋆√
2R♮
, (92)
and take the infinite boost limit
g → 0 , R⋆ fixed , (93)
so that the circle becomes null in the limit. For a massive particle carrying N units of
(integer quantized) longitudinal momentum, the light front momenta become precisely
P ′− =
N
R⋆
, P ′+ =
(m2 + P 2⊥)R⋆
2N
. (94)
7The light front is mistakenly, although commonly, referred to as the light cone, so we will stick with the
common usage DLCQ to avoid confusion.
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It is important that in this boosting procedure we hold fixed Ef and the M-theory torus
radii in d=11 Planck units [222]
Ef =
R♮
ℓ211
= E ′f =
R⋆
(ℓ′11)
2
, ρi ≡ Ri
ℓ11
= ρ′i =
R′i
ℓ′11
. (95)
We then get
g =
(
R♮
ℓ11
)3/2
= R
3/4
♮
(
E ′f
)3/4 → 0 , ℓs =
(
ℓ311
R♮
)1/2
= R
1/4
♮
(
E ′f
)−3/4 → 0 , (96)
as for the limit (85) that produced the D0-brane Hamiltonian (87). Going to the dual torus
T˜ p with volume V˜p =
∏
i R˜i, we get from (91) the dual radii
R˜i =
1
Efρi
=
1
E ′fρ
′
i
= finite . (97)
Then the string coupling associated to the dual torus T˜ p is, from (17),
g˜ = g
V˜p
ℓps
= g
ℓps
Vp
= ℓ3−ps
(
E ′f
)3
V˜p . (98)
Let us now inspect the coupling of the SYM theory on the dual torus. It is dimensionful
for p 6= 3,
g˜2YM = (2π)
p−2g˜ℓp−3s . (99)
From this we find a finite nonzero gauge coupling:
g˜2YM
(2π)p−2
=
R3−p♮ ℓ
3(p−2)
11
Vp
=
R3−p⋆ (ℓ
′
11)
3(p−2)
V ′p
= V˜p
(
E ′f
)3
= finite . (100)
Now, as we can see from (98), the T-dual string coupling is well-behaved for p ≤ 3.
However, for p > 3 it blows up in the Matrix limit, so the bulk (supergravity) theory does
not decouple from the brane (gauge) theory, and we should instead use a dual description
[223, 224]. In addition, the d > 3+1 dimensional gauge theory is strongly coupled in the
ultraviolet, so new degrees of freedom are required anyway, in order to make sense of the
theory. For p=4, 5 [222, 221] there is a well defined prescription for the theory, at least at
large-N [225]. However, for p=6 it is not clear whether the bulk theory can be decoupled.
In the case of p=4, the appropriate theory is the chiral theory of M5-branes compactified
on a circle of finite radius, with ℓ11 → 0 so that the gravitational field of the M5-branes
is negligible. For p = 5 an S-duality gives NS5-branes with weak bulk coupling and finite
worldvolume coupling; this may be considered as a limit of a “little string theory” (see e.g.
[226]).
At this point we make the comment that Matrix theory a` la BFSS is not yet a complete
non-perturbative description of M-theory. The prescription of [222, 221] does not produce
agreement between Matrix theory and supergravity scattering amplitudes in all situations.
A difficulty appears to arise in compactifications on some curved manifolds; a disagreement
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which has not yet been ironed out was found for the K3 case by [227]. (See however the
positive results of [228].) As we mentioned above, there are also difficulties with compactifica-
tions on tori of dimension larger than five, and these cases include toroidal compactification
down to the phenomenologically interesting case of four spacetime dimensions. One ap-
parent disagreement [229] seems, however, to have been ironed out recently [230]; see also
[231, 232, 233]. Another apparent objection [234] has also been overcome and even used to
advantage in e.g. [235]. Lastly, it is not known whether the BFSS conjecture is valid for
any finite N (strong conjecture), or whether the limit N →∞ is required (weak conjecture).
Fortunately, the application of Matrix theory to study the entropy of black holes of interest
here does not rely on these subtle details.
In the remainder of this section, we will first discuss the case of charged black holes,
and leave the qualitatively different case of neutral black holes until later. Matrix theory
compactified on T p corresponds to d = 11 M theory compactified on S1×T p, so for d = 5
black holes we need p=5. (For d=4 black holes we would need p=6 which is not yet well
enough understood.) For charged black holes, we will assume that the charge represented by
N is large, and use SYM gauge theory as an approximate low-energy effective Matrix theory.
This will be suitable for the purposes of identifying the BPS states and their degeneracy.
6.3 BPS Configurations
Two different but related approaches have been used in studying d = 5 BPS black holes in
Matrix theory. In both cases, agreement is found with the Bekenstein-Hawking black hole
entropy, and parallels with the D-brane approach are seen. We review the Matrix theory
pictures of [236, 196] here.
The configuration in M theory which is dual to our familiar {Q1, Q5, Qp} system is
M5
MW
M2


0 · · · · · 6 7 8 9 ♮
0 · · · · · · · · · ♮
0 · · · · 5 · · · · ♮

 . (101)
The d = 11 metric is [236]
ds211 = HM2(r)
1/3HM5(r)
2/3
{
HM2(r)
−1HM5(r)
−1
[
dx+dx− − (HMW (r)− 1) (dx−)2
]
−HM2(r)−1dx25 −HM5(r)−1dx26...9 − dr2 − r2dΩ23
}
. (102)
Compactifying x5...9 on T 5 gives a black string stretched along the x♮ direction, and upon
compactification on x♮ this yields our d = 5 BPS black hole metric, with the harmonic func-
tions as before, with {HM5, HMW , HM2}→{H1, H5, Hp}. The Bekenstein-Hawking entropy
is the same calculated in any dimension and we know the answer.
We now wish to compute the degeneracy of states in Matrix theory with the same charges
and mass as our supergravity solution. Our theory is d = 5 + 1 SYM, on the dual torus T˜ 5,
and so various spacetime charges will arise via electric and magnetic fluxes and momentum
along internal directions. The dictionary relating M theory quantities to those of the SYM
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theory on the dual torus is then [196, 236]
MW (i) qi =
∫
trF0i
M2(ij) mij =
∫
trFij
M2(i♮) mi♮ =
∫
T0i
M5(jklm♮) fi =
∫
trǫijklmFjkFlm ,
(103)
where Tµν is the energy-momentum tensor in the SYM theory. The case of an M5 wrapped
on the T 5 does not have an analogue in the effective d = 5+1 SYM theory, because it would
be a completely delocalized state.
Our familiar configuration corresponds to turning on m5♮, f5, and T-dualizing the five-
torus. Therefore, our Q1 is the number of M5-branes f5, our D5-brane charge is N , and
our Qp is the number of M2-branes m5♮. Now, the M5-branes are represented in the SYM
theory by instanton strings. These instanton strings on the torus can be shown [236] to have
tension fractionated by 1/N . They are therefore the important degrees of freedom in the
SYM theory and carry all of the entropy. The light front energy is8
P− = m5♮
R♮R5
ℓ311
+ f5
R♮V
ℓ611
= MADM − N
R♮
. (104)
From the dictionary (103) and from (6,8,12) we see that the momentum and winding charges
on the instanton string are
qp = m5♮
R♮R5
ℓ311
, (105)
qw = f5
R♮V
ℓ611
. (106)
The BPS instanton string has effective level number and entropy [236]
NL =
1
2πτeff
[
P 2− − (qp − qw)2
]
, (107)
S = 2π
√
NL , (108)
where τeff is the mass per unit length of the instanton string. We can calculate τeff [236] by
using the usual gauge theory formula for the mass of an instanton, 4π2/g˜2YM , and recalling
that fractionation occurs. We then use the SYM coupling (100) of the dual torus to get
τeff =
4π2
g˜2YMN
=
V R5R
2
♮
2πNℓ911
. (109)
Putting it all together, we have for the Matrix theory entropy [236]
Smatrix = 2π
√
f5Nm5♮ , (110)
8Here, R5, V are in fact the T-duals of our familiar torus parameters.
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which is indeed the Bekenstein-Hawking entropy. Note that R♮ has disappeared from the
entropy formula, as required9.
A related approach was studied in [196], where fundamental IIA strings naturally make
an appearance; see also [237]. In this approach (the fivebranes are NS5’s); we compactify
Matrix theory on a torus which has one small dimension, of radius R9. To make contact with
IIA strings, any other compact dimensions are taken to be of order ℓs, which is significantly
larger. Thus, on the dual torus there is one large dimension only, and we can therefore
dimensionally reduce to d=1+1 SYM. The SYM gauge coupling turns out to scale as 1/R9,
and so it is strong. Then the SYM theory gets stuck on the moduli space, while retaining the
option for some SYM fluxes that correspond, via a dictionary similar to (103), to wrapped
branes. The entropy counting then proceeds in a way similar to the D-brane counting, and
the result agrees precisely with the Bekenstein-Hawking formula. A general entropy formula,
invariant under the duality group which remains upon turning off the transverse fivebrane
charge, was also derived via the SYM theory in [196].
Before we move on to neutral black holes, let us comment on the near-BPS extension
of the above. Both of the approaches [236, 196] yield agreement with SBH if near-BPS
configurations are studied in the na¨ıve d=5+1 SYM theory. In the approach of [236], it is
argued that all of the available degrees of freedom of the effective Matrix theory can carry the
entropy, not only those turned on in the BPS limit. This is somewhat different qualitatively
from the D-brane picture of [77]. In addition, in studies of probing near-BPS configurations
with D0-branes (MW’s), suggestions are made that a better Matrix theory understanding
of the interactions of the probe with the boundstate may give clues useful for information
retrieval [195].
6.4 Neutral Configurations
We saw above that we needed to have large-N in order to be able to use SYM gauge theory
as our low-energy effective Matrix theory. If there is no large charge on a black hole, as is
the case for e.g. Schwarzschild-type solutions, then we need a different approach. This case
was the subject of [209, 210, 211, 212, 213], and we will discuss it here; see also [22]. For
these neutral black holes, the precise coefficient in front of the entropy is not available, but
scaling agreement can be found. We will therefore drop all numerical constants; for example,
the distinction between the spacelike radius and the lightlike one in DLCQ.
The strategy employed for neutral black holes is to boost the black hole in the longitudinal
direction, in order to turn on a significant longitudinal momentum. The idea is then to use
Matrix theory degrees of freedom to count the entropy. Suppose we begin with a black hole
of mass M . Under the boost, the longitudinal momentum becomes
P− ∼ N
R⋆
=
N
MR⋆
M . (111)
The light front energy is from (94)
P+ ∼ MR⋆
N
M =
M2R⋆
N
. (112)
9If we imagined stretching our M2- and M5-branes across the lightlike circle of radius R⋆ instead of the
spacelike circle of radius R♮, then the relation (100) ensures that we get the same entropy.
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Here N is large but finite.
The object of interest is a d=(11−p) dimensional neutral black hole, where one direction
is compactified, namely the longitudinal direction of M theory. Then the appropriate solution
is an infinite array of d dimensional neutral black holes; let us space the members of the array
in the eleventh dimension by ∼Rˆ⋆. When rH/Rˆ⋆ ≪ 1, this array solution is stable. However,
when rH/Rˆ⋆∼ 1, the array becomes unstable and turns into a black string stretched along
the longitudinal dimension. When we boost the neutral array or product, the transition
point changes [211, 69].
First, let us consider the product solution, i.e. the black string. Let us see what happens
to the metric in the boost directions. The longitudinal piece of the metric is, with zˆ ≡ xˆ♮,
ds2‖ =
(
1− η
d−4
H
ηd−4
)
dtˆ2 − dzˆ2 = dtˆ2 − dzˆ2 − η
d−4
H
ηd−4
dtˆ2
= dt2 − dz2 − η
d−4
H
ηd−4
[coshγpdt+ sinhγpdz]
2
= dt2
[
1− η
d−4
H
ηd−4
cosh2γp
]
− dz2
[
1 +
ηd−4H
ηd−4
sinh2γp
]
− dtdz sinh2γpη
d−4
H
ηd−4
, (113)
where ηH is the radius of the (d−1) dimensional black hole we used to make the black string.
From the metric, we see immediately that if the radius of the z dimension is R⋆ at infinity,
then at the horizon the radius is
Rp = coshγpR⋆ ∼ eγpR⋆ , (114)
and so the longitudinal dimension becomes large at the horizon of the boosted configuration.
By direct analogy with (43,44,45), we have at large boosts γp the black string parameters
Ep ∼ Pp ∼ VpR⋆η
d−4
H
G11
e2γp , Sp ∼ VpR⋆η
d−3
H
G11
eγp . (115)
The product solution becomes unstable to forming an array when ηH∼Rp. At this transition
point, from (114,115,111) we find that the product has entropy [211]
Sp|t ∼ Pp|tR⋆ ∼ N . (116)
Next, let us boost the array. Let the asymptotic spacing be, before the boost, Rˆ⋆ =
R⋆ coshγa. This ensures that the spacing after the boost is R⋆. Then the energy and
momentum after the boost are
E ∼M coshγa ∼Meγa , P ∼M sinhγa ∼ Meγa , (117)
while the entropy is invariant,
Sa ∼ Vpr
d−2
H
G11
. (118)
The boost also causes [211] an enlargement of the longitudinal radius at the horizon of the
black holes in the array. The instability to forming a product solution then sets in at
rH ∼ eγaR⋆ ≡ Ra . (119)
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At this transition point, we find that the entropy of the array is [211]
Sa|t ∼ Pa|tR⋆ ∼ N ∼MrH . (120)
Thus we see that at transition both the supergravity array and product have entropy of
order N , the number of units of longitudinal momentum. The array will dominate for larger
N , while the product will dominate for smaller N [211].
It was argued in [209] that in order to count Matrix degrees of freedom, there is an
optimal value of N . The logic goes that if N is too small, we will not have enough Matrix
degrees of freedom to account for the entropy of the neutral black hole, while if N is too
large, we will have too many degrees of freedom and most of them will be frozen into their
groundstate in a complicated way. That optimal value is argued to be that given by the
common entropy of the array and product at transition [209]. We now turn to examining
the nature of the Matrix theory degrees of freedom, near transition.
First let us consider the product side of the transition. The appropriate M theory degrees
of freedom are stretched along the longitudinal direction, like the black string. These can
only be M2- or M5-branes. The first, and cleanest, Matrix theory calculation for neutral
black holes was done [209] for d = 8, for which we do (DLCQ) Matrix theory on T˜ 3. Then
the modes relevant to the discussion are M2-branes, and they have energy
EM2 ∼ R⋆Ri
ℓ311
∼ 1
R˜i
. (121)
These modes therefore correspond via (103) to gluons on the dual torus, with momentum
in the xi direction. We can find the entropy of these left- and right-moving gluons by using
the conformal invariance of 3+1 dimensional SYM theory to write an approximate equation
of state and the entropy [209]. Since this SYM is the theory of N coincident D3-branes, we
have O(N2) degrees of freedom, and
E3 ∼ N2V˜3T 4 , S3 ∼ N2V˜3T 3 . (122)
Now, from the T-duality relation (91), the light front energy (112) and the fact that S∼N
around transition, we find upon eliminating the temperature T [209]
S3|t ∼M(G8M)1/5 ∼MrH , (123)
which is the entropy of a d = 8 black hole at transition (120). Therefore, the Matrix theory
degrees of freedom have reproduced the entropy of the black hole. We can now go back to
the equation of state to check on the temperature at transition. Substituting back, we find
Tt ∼
(
NV˜3
)−1/3
, (124)
which is much smaller than the inverse size of the box, and so it seems too cold for the
above equation of state to be applicable. However, we have forgotten about fractionation
which takes place at low temperatures for wrapped D-branes. At low temperature, the
fractionated D3-brane can support fractionated momenta, quantized in units of 1/(niR˜i),
where ni is the winding in the ith direction. The volume of the fractionated brane is the
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same as for N = n1n2n3 singly wound branes. For the fractionated brane, the above equation
of state is then still valid as long as T >1/(niR˜i). Therefore, the lowest temperature at which
we may apply our equation of state is approximately [209]
T ∼
(
n1n2n3V˜3
)−1/3
, (125)
which is precisely Tt. Thus we are right on the edge of validity of (122). Transforming this
transition temperature back to the unboosted frame gives the Hawking temperature of the
original neutral black hole [209].
In [210] similar reasoning was used to extend the discussion to other p. There, somewhat
peculiar equations of state were required for the SYM gluon gas in order to reproduce the
black hole entropy at transitions for p 6= 3. Those equations of state were, however, motivated
from studies of parallel p-brane black holes, such as [65].
Now we turn to the array side of the transition. When the SYM gas of gluons becomes
too cold, which is the case for N larger than its transition value, the gluons freeze out and
we are left to do zero mode physics. These zero modes are the motions of the D0-branes
themselves. In general, the nature of the boundstate is very complicated, but at N near
its transition value there is a simple model [213, 211] which succeeds in reproducing the
Bekenstein-Hawking scaling. (For an earlier idea in this direction see [238].)
The effective Lagrangian for the D0-branes was found at one loop SYM in [220] (to two
loops in [239]). From the supergravity point of view it is found by letting a probe move in
the background of the other D0-branes. To one loop the effective D0-brane Lagrangian is,
up to constants of order unity,
L0,eff ∼
Nv2
R⋆
+
N2G11v
4
R3⋆Vpr
d−4
, (126)
Note that the potential term is a gravitational attraction, which depends on the velocities
of the D0-branes. It is therefore reasonable to assume that the bunch of D0-branes forms a
boundstate, with the binding energy coming from the gravitational attraction.
The method of [213, 211] is to use a mean-field approach, and to assume that each
D0-brane is in the boundstate of size rb and saturates the uncertainty bound,
vrb
R⋆
∼ 1 . (127)
Because our D0-branes must be nonrelativistic, we need rb/R⋆≫1. Then, assuming spherical
symmetry and that any spin-dependent forces average to zero, applying the virial theorem
then gives a relation between the boundstate size and N . Our light front relation (112) then
yields
M ∼ r
d−3
b
Gd
, (128)
which reproduces the black hole mass if the boundstate is the same size as the black hole
[213, 211]
rH ∼ rb . (129)
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From (111,127) and the entropy at transition, we then see that the D0-branes are indeed
nonrelativistic at transition. The next step is to assume that the bunch of D0-branes is a
Boltzmann gas, so that they are distinguishable. Then the entropy is extensive, of order N ,
and is [213, 211]
S ∼ N ∼ rHM . (130)
This simple mean-field model is therefore remarkably successful in reproducing the en-
tropy for the d dimensional, longitudinally compactified, black hole at transition. It is also
argued in [213] that emitting a D0-brane corresponds to Hawking radiation. In the very
recent work [218], a calculation of the rate of this emission was made, and scaling agreement
was found with the Hawking emission rate for the sister black hole.
The assumption of distinguishability, however, is difficult to justify. Certainly, for normal
D0-branes, we have either Bose-Einstein or Fermi-Dirac statistics, depending on whether
any spin is turned on. In a recent work, a model has been proposed [213] in which the
distinguishability assumption is satisfied. The analysis of [213] depended on the dimension
d. The strategy used there was to turn a matrix theory background which does not contribute
significantly to the entropy but breaks the D0-brane statistics symmetry and “tethers” each
D0-brane to the background in such a way that the D0-branes are distinguishable.
In [214] an all-loop corrected L0 was used to analyze the boundstate of D0-branes, and to
study probe interactions with it. The resulting picture is somewhat different but again gives
an entropy in a certain regime which agrees with that of the array at transition. D0-probe
physics was also studied in [215]. In the recent work [216] an interesting proposal was made
that a tachyon instability may signal the existence of the horizon; it would be interesting
to find further evidence for this idea. In [217] it was proposed that the entropy counting
problem in Matrix theory could be mapped onto the original Gibbons-Hawking calculation,
assuming eleven dimensional Lorentz invariance of Matrix theory. Proof of d= 11 Lorentz
invariance of Matrix theory is however an extremely subtle unsolved problem.
In summary, we see that in regimes where we can calculate in Matrix theory, we reproduce
black hole entropy successfully. There remain many interesting issues in the Matrix approach
to black holes.
Outlook
We have seen that superstring theory has successfully given an identification of the degrees of
freedom giving rise to the Bekenstein-Hawking entropy for black holes. In general situations,
the entropy of the strongly gravitating system and that of its weakly gravitating sister system
agree qualitatively at the correspondence point, while for BPS and near-BPS systems there
are precise agreements for the entropy and low-energy emission/absorption processes over a
wider region of parameter space. We have also seen the Matrix theory conjecture reproduces
black hole entropy successfully for some cases.
Perhaps the most interesting feature of the stringy approach to black hole entropy in
diverse dimensions is that it encompasses many different calculational viewpoints, some
consistently related by dualities to one another. We have seen various methods for computing
the microscopic entropy, operating in dimensions all the way from eleven to three. In all
cases, M-/D-branes and closed/open fundamental strings, have played a crucial roˆle.
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String/M theory is still a work in progress, and there are several outstanding issues
to resolve from studies to date of black hole systems in string theory. One of the most
important is the issue of information loss, and how it relates to various microscopic entropy
computations. It is our expectation that further progress in string theory will lead to better
calculational tools for addressing issues in black hole physics and quantum gravity. We look
forward to an exciting future in this area of study.
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7 Note Added
The full import of the paper [97] by Maldacena had not been appreciated by the string theory
community at the time this article was written. However, this changed early in 1998 when
the focus shifted away from Matrix Theory to what has become known as the “AdS/CFT
Correspondence”. Here we must be very brief, and so we give only a flavor of this topic
without attempting to be comprehensive. A more in-depth appreciation may be gained by
consulting e.g. the Strings ’98 Online Conference Proceedings [240].
7.1 The AdS/CFT Correspondence
We noted during the discussion of BPS black holes in subsection 4.1 that the usual perturba-
tive gauge theory and black hole regimes are complementary: they have no common region
of validity. We also discussed the decoupling limit in subsection 6.2 where we gave a brief
overview of Matrix Theory. In this decoupling limit, although the coupling of the gauge
theory on the branes remains finite and nonzero, the coupling between the gauge theory
on the branes and the string theory in the bulk is turned off, as is the gravitational field
of the branes. The crucial observation made by Maldacena was that the decoupling limit
can actually yield a system with a nontrivial gravitational field if in addition one sends the
number of branes N to infinity. This reveals a new duality between the large-N limit of a
gauge theory and a strongly gravitating system.
In the original paper of [97], the brane systems studied were those with constant (or no)
dilaton: the D3 (and M2 and M5), and the D1+D5. In the large-N decoupling limit (an
analog of which is readily available in d = 11) the gravitational influence of the branes is
retained, but is frozen out because fluctuations become prohibitively expensive in the limit.
In addition, the decoupling limit zooms in on the near-horizon region of the brane geometry.
For the D3, this region is AdS5 × S5. To see this, let us examine the D3 metric:
ds2 =
1√
H3
(
dt2 − d~x2‖
)
−
√
H3
(
d~x2⊥
)
, (131)
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where, with r = |~x⊥|,
H3 = 1 +
4πgN (α′)2
r4
. (132)
The large-N decoupling limit may be expressed as
α′ → 0 , N →∞ , g2YM finite . (133)
To keep interesting dynamics in the gauge theory we must also keep the masses of strings
stretched between branes fixed:
U ≡ r
α′
finite . (134)
In taking the decoupling limit we see that we lose the 1 in H3, and zoom in on the near-
horizon region of the D3 geometry. The length scale set by the geometry, the supergravity
radius, is
r43 ≡ 4πgN (α′)2 . (135)
Then with a change of radial coordinate z ≡ r23/U , the D3 geometry becomes in the decou-
pling limit
ds2 → r
2
3
z2
(
dt2 − d~x2‖ − dz2
)
− r23dΩ25 . (136)
There is also a R-R flux threading the sphere. Thus on the “supergravity [string] side” of
this duality we study string theory on AdS5×S5, a geometry with isometry group SO(4, 2)×
SO(6). Via standard Kaluza-Klein reduction, this can be viewed as a theory on just the five-
dimensional AdS5. On the “gauge theory side” of the duality, one hasN = 4 supersymmetric
gauge theory in four dimensions, which is known to be a conformal field theory, at large-N .
The SO(4, 2) appears as the conformal group and the SO(6) as the R-symmetry group of
the gauge theory. Maldacena’s conjecture is that these two theories are dual to one another
and is known as the “AdS/CFT correspondence”.
As with Matrix Theory, there are weak and strong forms of the conjecture. Defining the
’t Hooft coupling λ2 ≡ g2YMN , we find using (135) and the p=3 relation g2YM = 2πg
α′
r23
=
1√
2
1
λ
, g =
λ2
2π
1
N
. (137)
At fixed but large λ,N we see that the strong[’t Hooft]-coupling expansion of the gauge
theory corresponds to the α′ expansion in string theory, and the 1/N expansion to the string
loop expansion (see e.g. [241]). The strongest conjecture states that the duality holds order
by order in 1/λ and in 1/N , while weaker conjectures state that it holds only as λ→∞
and/or N→∞. We see that the AdS/CFT correspondence, if correct, provides us in this
D3 case with a nonperturbative definition of string theory on AdS5 × S5. It also says that
the large-N master field of the gauge theory is provided by supergravity.
Subsequent work has generalized the conjecture in many ways. One generalization [242]
handled other BPS Dp-brane systems, an example of which is a large collection of D0-branes.
It can then be seen [243] that Matrix Theory is an example of “Maldacena duality”. The
original AdS/CFT conjecture was refined significantly by [244] (following earlier studies of
absorption/emission of bulk modes by D-brane systems), and independently by [245]. There,
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prescriptions were given for computing correlation functions in the large-N gauge theory by
using supergravity vertices. Also, it was proposed that the place where the gauge theory
lives can be thought of as the boundary at infinity of the AdS5 space. This highlights one of
the surprising features of the new duality, namely that of “holography”: the physics of the
(KK-reduced) gravitational theory on AdS5 is given by the (dual) large-N gauge theory in
four dimensions. For more on holography see [245, 246, 247] and talks in [240]. Subsequent
computations of the BPS spectra, anomalies, etc. on both sides of the duality have provided
additional evidence for the AdS/CFT conjecture. Another generalization [248] covers the
non-BPS case, which is conjectured to give finite-temperature gauge theory. Computations
have been performed of everything from Wilson loops to four-point correlations functions to
glueball masses, assuming the validity of the AdS/CFT duality conjecture.
So far, more has been learned about gauge theory by using supergravity than the other
way around, but we are optimistic that work in the other direction will prove fruitful as well.
7.2 Black Hole Entropy and AdS/CFT
New methods for computing the Bekenstein-Hawking entropy of black holes have been in-
vestigated since the AdS/CFT correspondence [97] came to light.
We have seen that five-dimensional black holes can be thought of as six-dimensional black
strings compactified on a circle. The near-horizon geometry of the black strings turns out
to be AdS3 × S3. More precisely, the first factor is a BTZ black hole, which is everywhere
locally (but not globally) AdS3. A new counting of black hole entropy was done in [249].
(Although the counting was probably motivated by the stringy AdS/CFT correspondence,
the method used was actually independent of it.) String theory on AdS3 is dual to a d=1+1
CFT, and the isometry group is infinite-dimensional. The entropy was computed using older
results on the central charge of the CFT and using Cardy’s formula to get the degeneracy
of states. In this approach there were some technical subtleties, and unresolved issues such
as the question of where the states being counted reside. The presence of holography makes
localization in the radial coordinate of the AdS factor a tricky issue.
A lucent discussion of the subtleties in counting the entropy of the BTZ black hole via
different methods, and additional references, may be found in a recent overview article by
Carlip. We refer the interested reader to that work [250].
AdS/CFT methods were extended to rotating d=5 black holes in [251], and the S-dual
NS-NS case was studied in [252]. The BTZ factor was seen [253] in the d=4 case by lifting
on x♮ to M-theory (the other factor being S2), and d=4 rotation was discussed in [254]. BPS
states were tracked in [255], and a nonperturbative stringy exclusion principle was found to
be operating. In that work it was also shown how the discrete identifications giving BTZ
from AdS3 give a natural mechanism for seeing thermal effects in the black hole background.
The relation between AdS/CFT and perturbations of black holes was studied in e.g. [256].
Some corrections to leading-order results have been investigated in [257].
An explanation for the agreement of the D-brane and black hole entropies for extremal
but non-BPS d = 5 Type-I black holes has been offered in [258]. There it was suggested
that restoration of supersymmetry in the large-N limit is responsible for the unexpected
agreement. It would be interesting to see whether this proposal carries over to other known
extremal non-BPS black holes.
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Use of the AdS/CFT correspondence to learn about black holes via gauge theory has also
been initiated. In a study of the spectrum of the large-N gauge theory using supergravity,
it was argued in [259] that the gauge theory in the D3 case describes spacetime behind the
horizon as well as the region outside. In [260], where nonextremal D3-branes were studied,
it was further conjectured that large-N gauge theory also offers the possibility of resolving
both black hole curvature singularities and the information problem. An AdS3 map between
the boundary CFT and the theory in the bulk [261] was argued to be useful for tracking
information in black hole spacetimes with the BTZ factor.
We look forward to future progress (e.g. [262]) on black hole issues using the AdS/CFT
correspondence and other aspects of M/string theory. Particularly interesting would be
insights on the precise nature and the location of states counted by the Bekenstein-Hawking
entropy, and hints on solving the information problem.
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